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SUMMARY

This report documents the derivation and definition of a linear aircraft model for a rigid aircraft of constant
mass {lying over a flat, nonrotating earth. The derivation makes no assumptions of reference trajectory or
vehicle symmetry. The linear system equations are derived and evaluated along a general trajectory and
include both aircraft dynamics and observation variables.

INTRODUCTION

The need for linear models of aircraft for the analysis of vehicle dynamics and control law design is well
known. These models are widely used, not only for computer applications but also for quick approximations
and desk calculations. Whereas the use of these models is well understood and well documented, their
derivation is not. The lack of documentation and, occasionally, understanding of the derivation of linear
models is a hindrance to communication, training, and application.

This report details the development of the linear model of a rigid aircraft of constant mass, flying over a
flat, nonrotating earth. This model consists of a state equation and an observation (or measurement) equa-
tion. The system equations have been broadly formulated to accommodate a wide variety of applications.
The linear state equation is derived from the nonlinear six-degree-of-freedom equations of motion. The
linear observation equation is derived from a collection of nonlinear equations representing state variables,
time derivatives of state variables, control inputs, and flightpath, air data, and other parameters. The linecar
model is developed about a nominal trajectory that is general.

Whereas it is common to assume symmetric aerodynamics and mass distribution, or a straight and level
trajectory, or both (Clancy, 1975; Dommasch and others, 1967; Etkin, 1972; McRuer and others, 1973;
Northrop Aircraft, 1952; Thelander, 1965), these assumptions limit the generality of the linear model. The
principal contribution of this report is a solution of the general problem of deriving a linear model of a rigid
aircraft without making these simplifying assumptions. By defining the initial conditions (of the nominal
trajectory) for straight and level flight and setting the asymmetric aerodynamic and inertia terms to zero,
one can easily obtain the more traditional linear models from the linear model derived in this report.

Another significant contribution of this report is the derivation and definition of a linear observation
(measurement) model. The observation model is often entirely neglected in standard texts. A thorough
treatment of common aircraft measurements is presented by Gainer and Hoffman (1972), and Gracey (1980)
provides a detailed discussion of speed and altitude measurements. However, neither of these references
present linear models of these measurements. This report relies heavily on these two references and uses their
results as one of the bases for the nonlinear measurement equations from which the linear measurement
model is derived. Also included in this report is a large number of other measurements or variables for
observation that have been found to be useful in vehicle analysis and control law design.

Duke and others (1987) describe a FORTRAN program called LINEAR that derives a linear aircraft
model by numerical differencing (Dieudonne, 1978). The program LINEAR produces a linear aircraft model
(both state and observation matrices) that is equivalent to the linear models defined in this report.

This report is divided into two main sections that define the reference systems and nonlinear state and
observation equations (section 1) and derive a linear model presented in the appendixes (section 2). The
appendixes contain a definition of the linear aerodynamic model used in this report (app. A), a derivation
of the wind axis translational acceleration parameters (app. B), generalized linear derivatives of the non-
linear state and observation equations (app. C), and the individual derivatives of the state and observation
equations (app. D). The details of the principal results of this report are presented in appendix D.
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total aerodynamic axial force, 1b

speed of sound, ft/sec

normal accelerometer output, g

output of normal accelerometer not at vehicle center of gravity, g

output of accelerometer aligned with vehicle body z axis, g

output of accelerometer aligned with body  axis, not at vehicle center of gravity, g
kinematic acceleration in vehicle body x axis, g

output of accelerometer aligned with vehicle body y axis, g

output of accelerometer aligned with body y axis, not at vehicle center of gravity, g
kinematic acceleration in the vehicle body y axis, g

output of accelerometer aligned with vehicle body z axis, g

output of accelerometer aligned with body z axis, not at vehicle center of gravity, g
kinematic acceleration in vehicle body z axis, g

reference span, ft

generalized force or moment coefficient

derivative of generalized force or moment coefficient with respect to arbitrary variable z
reference aerodynamic chord, ft

total aerodynamic drag, Ib

I -1,
I - I,
I, - I,

specific energy, ft

arbitrary force or moment

flightpath acceleration, g

acceleration due to gravity, ft/sec?

acceleration due to gravity at sea level, ft/sec?
altitude, ft

altitude measurement not at vehicle center of gravity, ft
inertia tensor

moment of inertia about z body axis, slug-ft2
product of inertia in z~y body axis plane, slug-ft?
product of inertia in z~z body axis plane, slug-ft?
moment of inertia about y body axis, slug-ft?
product of inertia in y—z body axis plane, slug-ft?
moment of inertia about z body axis, slug-ft?
LI, - IZ,

IzyIz + Iszxz

Iy, + 1,1,

LI, - I3,
LIy + Iy I,
LI, - IZ,

total moment about z body axis, ft-1b; or, total aerodynamic lift, 1b
unit length, ft
total moment about y body axis, ft-1b; or, Mach number
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vehicle mass, slugs

total moment about z body axis, ft-1b; or, total aerodynamic normal force, b
load factor

specific power, ft/sec

roll rate (about z body axis), rad/sec

static or free-stream pressure, 1b/ft?

stability axis roll rate, rad/sec

total pressure, 1b/ft2

pitch rate (about y body axis), rad/sec
dynamic pressure, 1b/{t?

impact pressure, 1b/ft?

Mach meter calibration ratio

stability axis pitch rate, rad/sec

Reymnolds number

Reynolds number per unit length, ft—1

yaw rate (about z body axis), rad/sec
stability axis yaw rate, rad/sec

surface area of wing, ft2

total angular momentum; or, ambient or {ree-stream temperature, °R
total temperature, °R

time

velocity along z body axis, ft/sec

vehicle velocity, ft/sec

velocity along y body axis, ft/sec

velocity along z body axis, ft/sec

total aerodynamic force along z body axis, b
total gravitational force along z body axis, 1b
total thrust force along z body axis, 1b
vehicle position along z earth axis, ft

total aerodynamic sideforce, 1b

total aerodynamic force along y body axis, 1b
total gravitational force along y body axis, b
total thrust force along y body axis, Ib
vehicle position along y earth axis, ft

total aerodynamic force along z body axis, b
total gravitational force along z body axis, lb
total thrust force along z body axis, 1b
vehicle position along z earth axis, ft

angle of attack, rad

angle-of-attack measurement not at vehicle center of gravity, rad
angle of sideslip, rad

angle-of-sideslip measurement not at vehicle center of gravity, rad
flightpath angle, rad

ith control surface deflection

pitch angle, rad

coefficient of viscosity, 1b/ft-sec

density of air, 1b/ft3

arbitrary function
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Matrices

A
AI
B
BI

bank angle, rad
heading angle, rad

body axis acceleration vector

attitude vector of Euler angles

total force vector

state vector function

observation vector function

total angular momentum vector

sum of higher order terms in Taylor series
total moment vector

position vector in earth axis system

input or control vector

vehicle velocity vector

state vector

observation vector

perturbation of control vector
perturbation of state vector

perturbation of time derivative of state vector
rotational velocity vector

state matrix of the generalized state equation, Cx = Ax + Bu

state matrix of the state equation, x = A’x + B'u

control matrix of the generalized state equation, Cx = Ax + Bu

control matrix of the state equation, x = A'x + B'u

system matrix of the generalized state equation, Cx = Ax + Bu

feedforward matrix of the generalized observation equation, y = Hx + Gx + Fu
feedforward matrix of the observation equation, y = H'x + F'u

derivative observation matrix of the generalized observation equation, y = Hx + Gx + Fu
observation matrix of the generalized observation equation, y = Hx 4+ G% + Fu
observation matrix of the observation equation, y = H'x + F'u

intertia tensor

scaling matrix for inertia tensor

transformation matrix from earth to body axes

transformation matrix from earth to body axes

angular velocity matrix in the generalized state equation, Tx = f[x(¢),%(t), u(t))
n X m matrix of 0 values

an n X m matrix with values of 1 on the diagonal



Subscripts

aerodynamic; or static or, free stream
body axis system

drag

gravitational

displacement of altitude instrument
displacement of altitude rate instrument
not at vehicle center of gravity
kinematic

lift

rolling moment

pitching moment

yawing moment

orthogonal

power plant induced

stability axis; or, specific

thrust

total

vehicle-carried vertical axis system
wind reference axis system
displacement in = body axis

z-y body axis plane

z-z body axis plane

sideforce

displacement in y body axis

y—z body axis plane

displacement in the z body axis

at sea level, standard day conditions; or, nominal conditions
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Superscript

T transpose

1 NONLINEAR SYSTEM EQUATIONS

The motion of an aircraft as a rigid body can be described by a set of six nonlinear simultaneous second-
order differential equations. These equations, representing the translational and rotational motion of the
vehicle, can be formulated in the notation of Kwakernaak and Sivan (1972) and Dieudonne (1978) as a
time-invariant system expressed as

x(t) = f[x(2), u(?)] (1-1)
where x(2) is the 12-dimensional time-varying state vector (¢ being time), X(t) is the derivative of x(t) with

respect to time, u(¢) is the k-dimensional time-varying input or control vector, and fis a 12-dimensional
nonlinear function expressing the six-degree-of-freedom rigid body equations.

Measurements of the vehicle state can be represented by the observation equation

y (1) = glx(2), u(?)] (1-2)



where y(t) is an {-dimensional time-varying observation vector and g is an ¢-dimensional nonlinear func-
tion expressing the relationship of the true vehicle state and control vectors to the observed parameters.
Typically, the function g characterizes the dynamics and location of the sensors.

For the aircraft analysis and design problem, both the nonlinear and linear system equations are formu-
lated more broadly than just described (Edwards, 1976; Maine and Iliff, 1980, 1986). The nonlinear system
equations include x(t) terms in both the state and observation functions. In fact, in the most extended
form the state equation is expressed in terms of transformed variables (discussed in section 1.2.1). These
generalized equations form the basis of the analysis in this report. The generalized system equations are

Tx(t) = flx(2), %(1), u()] (1-3)

y(t) = g[x(1), x(t), u(t)] (1-4)

where T is a constant 12 X 12 angular velocity matrix.

1.1 Definition of Reference Systems

While numerous reference systems are used in aerospace applications, this report is limited to four reference
systems: the body, the wind, the vehicle-carried vertical, and the topodetic reference systems. The stability
axes are also defined even though this reference system is used only to define the stability axis rotational
rates (section 1.3.8).

Within this report the translational equations are referenced to the wind axes, and the rotational
equations are referenced to the body axes. Measurement equations are primarily referenced to the body
axes when the use of a reference system is needed. The use of this mixed axis system definition in both
the nonlinear and linear models is related to the measurability and meaningfulness of quantities. Because
the aerodynamic forces act in the wind axes, this reference system is used for the translational equations.
For instance, angle of attack, velocity, and angle of sideslip are either directly measurable or closely related
to directly measurable quantities, while the body axis velocities (u,v, and w in the z, y, and z directions,
respectively) are not. The body axis rotational rates are measured by sensors fixed in the body axes; wind
axis rates can be derived only from these quantities through axis transformations.

The first reference system to be described is the topodetic reference system, also called the earth-fixed
reference frame (Etkin, 1972), the earth axes (Thelander, 1965), and the Eulerian axes (Northrop Aircraft,
1952). The topodetic reference frame is considered fixed in space (and hence, inertial) with the orientation
of the axes as shown in figure 1; the z axis is directed north, the y axis east, and the z axis down. The
vehicle position (z and y) and altitude (h) are measured from the origin of this reference system.

The vehicle-carried vertical axis system (fig. 2; Etkin, 1972) has its origin at the center of gravity of the
vehicle. The z, axis is directed north, the y, axis east, and the z, axis down. This axis system is obtained
by a translation of the topodetic axis system to the vehicle center of gravity. The attitude of the aircraft
(heading, pitch, and bank angles %, 8, and ¢, respectively) is described in terms of the orientation of the
aircraft body axes with respect to the vehicle-carried vertical axes.

The origin of the body axis system (fig. 3) is the vehicle center of gravity. The z axis is directed toward
the nose of the aircraft, the y axis toward the right wing, and the z axis toward the bottom of the aircraft.
The specific orientation of the actual body axes relative to the vehicle body is somewhat arbitrary. For
symmetrical aircraft, the z and z axes are in the plane of symmetry; for asymmetrical aircraft, these axes
are located in a plane approximating what would be the plane of symmetry. The positive direction for the
body axis rates (roll, pitch, and yaw rates, p, ¢, and r, respectively), the body axis velocities (u, v, and w),
and the body axis moments (L, M, and N about the z, y, and 2 axes, respectively) are shown in figure 3.

6
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Figure 3. Body azis system.



The relationship between the vehicle-carried vertical and body axes is shown in figure 4. The Euler
angles (¥, 8, and ¢) define the orientation of the body axes with respect to the vehicle-carried vertical
axes. The rotations required to transform the vehicle-carried vertical axes to the body axes are shown in
figure 5. The heading angle % is a rotation about the z vehicle-carried vertical axis into a new axis system
(designated (z1, y1, 21) in fig. 5); the pitch attitude # is a rotation about the y; axis into the (22, Y2, 22)

axes system; the roll attitude ¢ is a rotation about the y, axis into the body axes.

X2, Xb

7269

Figure 4. Relationship between vehicle-carried vertical and body azis systems.

These rotations are described by

[ cos ¥ —siny 0
Ly, = siny cosv 0
|0 0 1
[ cosf 0 sind
Ly = 0 1 0
| —sind 0 cosf
(1 0 0
Ly = 0 cos¢ —sing
| 0 sing cosg
and the total rotation is described by
cos 8 cos P cos @ sin v —s5iné

singsinfcosty sindsinfsiny  sindcosd

Ly = LyLgLy = — cos ¢ sin ¢ + cos ¢ cos v

cos¢sinfcos?y cosésinfsiny sin O cosd

+ sin ¢ sin ¢ —sin ¢ cos v

(v e)

(1-6)

(1-7)
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(c) Rotation through ¢ about z; azis.

Xq

(Y1)

7261

(b) Rotation through 6 about y, awis.
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Figure 5. Rotation of azes through Euler angles.



Because Lpy is a unitary matrix, the transformation from the body axes to the vehicle-carried vertical
axes is LEV.

The relationships between the body, wind, and stability axes are shown in figure 6. All three axis
systems have their origin at the center of gravity of the aircraft. The z axis in the wind reference system
(zw) is aligned with the velocity vector of the aircraft. The angle of sideslip 8 and angle of attack a define
the orientation of the wind axes with respect to the body axes. (The stability axes are shown in figure 6
also. This reference system is displaced from the wind axis system by a rotation 3 and from the body axis
system by a rotation —a.)

7263

Figure 6. Relationship of body, stability, and wind azes.

Also shown in figure 6 are the components of the velocity vector V in the body axes (u, v, and w)
and the definition of positive rotations for o and 3. It should be noted that 8 is a positive rotation in a
left-handed coordinate system, whereas the positive sense of all other rotations used in aircraft analysis are
positive in a right-handed coordinate system.

The definitions of the body axis velocities (fig. 6) are

u = V cosacosf (1-9)
v =Vsing (1-10)
w = Vsinacosf (1-11)

The total velocity V, angle of attack «, and angle of sideslip 8 can be expressed in terms of these body axis
velocities as

V = |V]|= (42 + v + w?)/? (1-12)

a=tan1 2 1-13
- (1-13)
v

B =sin™" v (1-14)

10



1.2 Nonlinear State Equations

For the aircraft problem, the state vector x is 12 X 1 vector composed of four 3 x 1 subvectors representing the
vehicle rotational velocity, the vehicle translational velocity, the vehicle attitude, and the vehicle location:

x =[x} X3 X3 X;]T (1-15)
where
x1=[p qr* (1-16)
x2 = [V a 6]t (1-17)
x3 = [¢ 6 ¥ (1-18)
x4 =[h z y]T (1-19)

with x1, X2, X3, and x4 being the rotational velocity, translational velocity, attitude, and position subvectors,
respectively. The vehicle rotational and translational velocity are defined within the aircraft-fixed axis
systems. In the formulation of the state used in this report, the vehicle rotations are body axis rates, whereas
the vehicle velocity terms are stability axis parameters. The vehicle attitude and location parameters are
earth relative.

The vector function f, relating the state vector its time derivative, and the control vector to the time
derivative of the state vector with respect to time, is a 12-dimensional vector function composed of four
3-dimensional vector subfunctions:

fx(2), (1), u()) = [f £ £5 £ (1-20)

where fy, f;, f3, and f; are the vector functions that relate the x(¢), x(¢), and u(¢) vectors to the rotational
acceleration, translational acceleration, attitude rate, and earth-relative velocity subvectors of x(t). In the
following sections, each of these subfunctions will be developed separately. The details of the derivation
of these subfunctions can be found in any of the standard references on aircraft dynamics (Etkin, 1972;
McRuer and others, 1973; Thelander, 1965).

1.2.1 Rotational acceleration.—The subfunction f; of f from which the rotational acceleration
terms in the x vector are derived is based on the moment equation

d
M= —H (1-21)

where M is the total moment on the vehicle and H is the total angular momentum of the vehicle. This
expression can be expanded to

M = %(IQ) +0 % (I0) (1-22)

where 6 /6t is the time derivative operator in a moving reference frame (such as the vehicle body axis system)
and the substitution
H=1IQ (1-23)

has been used to replace the total angular momentum term with the product of the inertia tensor I and
the rotational velocity vector 2. (The inertia tensor is assumed to be constant with time.) The definition
of the terms in equation (1-22) follow:

S L L + Ly
M= |YXM|=|M+ Mr (1-24)
XN N + Nt

11



with L, M, and N being the aerodynamic total moments about the z, y, and z body axes, respectively, and
Lt, M, and Nt the sums of all power-plant-induced moments;

I.z‘ _I:cy _Ixz
I=|-Ly I, -I, (1-25)
_Ia:z "'Iyz Iz

where I, I, and I, are the moments of inertia about the z, y, and z body axes, respectively, and I, I,
and [, are the products of inertia in the z—y, -z, and y-z body axis planes, respectively; and

Q=x1=[pq " (1-26)

where p, ¢, and r are the rotational rates about the z, Y, and z body axes, respectively. Because it is
assumed that the inertia tensor is a constant with respect to time, equation (1-22) can be rewritten as

5679 =I"'(M-Q x IQ) (1-27)

This is the vector subfunction for the rotational acceleration. Designating this subfunction as f;, the
following definition applies:

fi[x(2), %(¢), u(?)] = I'I[M - O x (I9Q)] (1-28)
where
d Q = f1[x(1), 3
50 = filx(t), (1), u(1) (1-29)
2=l g AT (1-50)

Since the inverse of the inertia tensor I=1 is given by

. L |0 kL
A .
where
det] = LII, - LI}, - LIZ, - I,IZ, - 2I,. I, I, (1-32)
L =11 -1 (1-33)
Iy = Lyl + 1. I, (1-34)
Iy = Iyl + L1, (1-35)
I = LI - IZ, (1-36)
Is = LIy, + Lyl (1-37)
Is = II, - IZ, (1-38)

12



the expression for the rotational accelerations can be expanded as a set of scalar equations:

1
]i) = m[zLIl + EMIz + ENIQ, - p2(IuIQ - IzyIB) + pq(.[g:le - IyZIQ - DzI3)
- p"'(IzyIl + DyI2 - Isz3) + q2(Iyzll - IzyIB) - qT(Dz‘II - I.z‘yI2 + I:zzIS)
— (L0 — I, 1)) (1-39)

1
1= det I[ELI2 +ZMIy+ N5 = p*(Ioals — InyIs) + pg(Loz 1z — I,.I4 — D,Iy)
- pT(Izyfz + DyI4 - Iszs) + q2(Isz2 - IT‘.‘II5) - (]T(D;,;IQ - IzyLI + Iles)
= 1 (Iya Iy = Ioa4)) (1.40)
1
"= det I[ELI3 + IMIs + BN Ig — p*(Loals ~ Ioyle) + pq(LesTs — Iz Is — D, Ie)
- pT(IzyI3 + 'DyIS - IszG) + q2(I'y2[3 - IT!/IG) - qT(DwIS - Izyls + I:MIG)

— 2L Is — I, 15)) (1-41)
where
D, =1,-1, (1-42)
D, =11, (1-43)
D,=I-1I (1-44)

Equation (1-3) defines the generalized nonlinear state equations as
Tx(t) = £[x(2), %(t), u(?)]

This equation, although more complicated than the nonlinear equations defined by equation (1-1), allows for
a more tractable formulation of the state equation by using the matrix T to provide a means of addressing
the rotational accelerations in a decoupled axis system.

The derivation of the rotational acceleration terms is based on the moment equation (1-22):
é
M= E(IQ)-}-Q x I

Rearranging terms and assuming that the inertia tensor is constant with respect to time, the equation can
be written as

6
IE(I:M—QXIQ (1-45)
The rows of this vector equation are now scaled using the following scaling matrix:
1/I, 0 0
J = 0 1/, 0 (1-46)
0 0 1/1,

This matrix, when premultiplying equation (1-27), merely divides the first row by the roll inertia I, the
second row by the pitch inertia I, and the third row by the yaw inertia I,. Using the definition

J=J1T (1-47)
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the resulting equation is

J%Q =J'M - J'(Q x IQ) (1-48)
and J can be written as
1.0 - I_z'y/Iz - IZ/I!E
J = — Iy /1, 1.0 — I, /1, (1-49)

- J:z/.[z - yz/Iz 1.0

Equation (1-48) can be expanded and expressed as

]é’ 1.0 - Iwy/Iw - Iwz/Im P
¢ | = Ly /1, 1.0 ~I./I, | | ¢
7./ | L./ - I./L 1.0 7

[ ©L/I, - rploy /I + paly /I + raly /I + (¢? — v2) 1, /I, — qrl, /1,
= EM[L, ~ rplp I, + rqly /I, — pqly. I, + (r* — p?) I, /1, + prL. /1, (1-50)
i EN/L + qplo /1 — qrloo /I + priy: /I + (p* = ¢*) oy /I, — pal, /1,

where p', ¢/, and 7/ are the decoupled rotational accelerations of the vehicle.

Using the definition of J in equation (1-49), the matrix transformation T can be defined as

) | ]
J 103x3 |
____i__3j<§ i O6xe
T = _93_X_~"_:_E3~’<_3__:L __________ (1-51)
]
O6xe6 E lexe
[}

which would be an identity matrix except for the presence of the inertia terms in the upper left-hand corner.
Thus, the vector subfunctions for the generalized state equation defining vehicle translational acceleration,
vehicle attitude rates, and earth-relative velocities are the same as those defined for the standard nonlinear
state equations in sections 1.2.2, 1.2.3, and 1.2.4, respectively.

1.2.2 Translational acceleration.—Derivation of the translational acceleration vector subfunction
f; is based on the force equation

d
F=—(mV .
7(mV) (1-52)
where F is the total force acting on the vehicle and m is the vehicle mass. This expression can be expanded to
6

F=m EV-}-QXV (1-53)

with the assumption of constant mass with respect to time and the following definitions of F and V:
F=[zx zvy =2]F (1-54)
where X, XY, and ¥ Z are the sums of the aerodynamic, thrust, and gravitational forces in the z, y, and

z body axes, respectively, and
V=[uvwT (1-55)
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Rearranging the terms of equation (1-52) gives an expression for the translational acceleration:

Svelr_axv (1-56)
6t m

This equation expresses body axis accelerations in terms of body axis forces, angular rates, and velocities.
However, the desired form of this relation requires the translational accelerations in the wind axis system;
that is, in terms of the magnitude of the total vehicle velocity V, angle of attack «, and angle of sideslip g,
which are expressed by equations (1-9) to (1-11)

u = Vcosacosf
v = Vsing

w = Vsinacosf
and equations (1-12) to (1-14)
V=|V|=(u?+2+ w2)1/2
a = tan~! (1_({)
u
—an-1( Y
[ = sin <V)
The wind axis translational acceleration terms (derived in app. B) are summarized as:
[V & B]" = flx(t), %(t), u(t)] (1-57)
where

. 1
V= E[—Dcosﬁ+Ysinﬁ+XTcosacosB+YTsinﬂ+ZTsinacosﬂ

— mg(cos a cos B sin § — sin Fsin ¢ cos @ — sin a cos § cos ¢ cos §)] (1-58)
. 1 ) . .
= Vm co_sﬁ[ —L + Z7 cosa — Xt sin a + mg(cos a cos ¢ cos § + sin asin §)]
+ g —tanB(pcosa + rsina) (1-59)

. 1
8= W[Dsinﬁ+Ycosﬁ—XTcosasinﬁ+YTcos,6— Zrtsinasin g

+ mg(cosasin Bsin § 4 cos Bsin ¢ cos § — sin asin B cos ¢ cosB)] + psina — rcosa (1-60)

with D being total aerodynamic drag; Y total aerodynamic sideforce; and X, Y1, and Zr total thrust
force along the z, y, and 2 body axes, respectively.

1.2.3 Attitude rates.—The matrix R that transforms angular velocities in the earth-fixed axis system
into body axis angular velocities is defined by

1 0 —sin
R=|0 cos¢ singcosé (1-61)
0 —sin¢g cos¢cosh



where R is derived by Maine and Iliff (1986) from the total angular velocity of the aircraft expressed in
terms of the derivatives with respect to time of the Euler angles (¢, 6, 1):

-

P é 1 0 0 0 1 0 0 cosf 0 —siné 0
gl = {0+ 10 cos¢p sin¢ 0|+ ]0 cos¢ sing 0 1 o0 0
r | 0 0 —sing cosgp| |0 0 —sin¢ cosgp| | sinf 0 cosé )
1 0 —siné ¢>
= |0 cos¢ sin¢gcos 0 (1-62)
0 —sin¢ cospcosé qp
This transformation from earth-fixed to body axes can be expressed by the equation
Q=R ( d E) (1-63)
T\t
where E is an attitude vector whose components are the Euler angles:
E=[¢0¢]" (1-64)

Premultiplying both sides of equation (1-63) by R™! and rearranging terms yields the equation for the
attitude rates,

%E =R71Q (1-65)
which can be expanded into the scalar equations
$=p+qsin¢tan0+rcos¢tan0 | (1-66)
6 = gcos ¢ — rsin ¢ (1-67)
¥ = gsin ¢secd + rcos psecéd (1-68)

1.2.4 Earth-relative velocity.—The matrix Lgyv that transforms earth axis system vectors into the
body axis system is defined by equation (1-8) as

[ cos —siny 0 cos@ 0 siné 1 0 0
Lpy = sinY cosy 0 0 1 0 0 cos¢p —sing
0 0 1 —sind 0 cosé 0 sing cos¢
[ cosf cos ¢ cos fsin ¢ —sin
= sin ¢ sin 0 cos 1) — cos psiny sin psinfsin 1P + cospcostp sin ¢ cos b
| cos¢psinbcostp+ sinpsiny cossin siny —singcosyp cosgcosb

The specific relationship between earth-relative velocities and body axis velocities i§ expressed by

V = Lgy (%R) (1-69)

where R is the earth axis system vector defining the location of the vehicle:
R=[z y 2]* (1-70)
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with z = —h.
The equation for the earth-relative velocity can be formulated as

j—tR =LzyV (1-71)

in which these velocities are expressed in terms of body axis velocities. Using equation (1-72) and the
definitions of the body axis velocities in equations (1-12) to (1-14) allows the earth-relative velocities to be
expressed in terms of V, «, and B:

h = V(cos acos Bsin @ — sin Bsin ¢ cos  — sin a cos B cos ¢ cos 6) (1-72)

& = V[cosacos 3 cos @ cos 1 + sin B(sin ¢ sin 6 cos 1 — cos ¢ sin )
+ sin & cos B(cos ¢ sin 0 cos ¢ + sin ¢ sin )] (1-73)

9 = V{cos acos 3 cos 8 sin 9 + sin B(cos ¢ cos 1 + sin ¢ sin & sin 1)
+ sin a cos B(cos ¢ sin 6 sin ¥ — sin ¢ cos )] (1-74)

1.3 Nonlinear Observation Equations

No standard set of observation variables exists for the aircraft analysis and control design problem. However,
for any guidance and control problem, the main observation variables generally will be a subset of the state
variables. Other common observation variables are the vehicle body axis translational accelerations and
air data parameters. Thus, the dimension of g[x(t), x(¢), u(?)] is not fixed and varies from application to
application. The set of observation variables described in this section was selected to address a wide range
of problems. The basic composition of the observation vector y as used in this report is given by

y = [xT )'(T uT y/T]T (1_75)

where x and % are the state vector and time derivative of the state vector described previously, u is the
control vector, and y’ is defined by

Y =Ty v vy vy v vy ye)” (1-76)
where

Yh = [z)k Gyk Gzk Gz Gy G; Gn Qi Gyi Gz Gng )0 (1-77)
yy=[a M Re Re' § q. ¢c/pa pa p T Ti)T (1-78)
s = [y fpa hJT (1-79)
vs = [E. R]T (1-80)
ys=I[L DN A" (1-81)
ve=[vvwad i (1-82)
vy = o By ki hyl” (1-83)
ve = [T ps g5 7s]" (1-84)
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with the elements of y] being terms related to the vehicle body axis acceleration, the elements of y} being
air data terms, the elements of y} being flightpath-related terms, the elements of y) being terms related to
vehicle energy, y; being a vehicle force vector, the elements of y4 being body axis translational rates and the
time derivatives of those terms, y% being a vector of variables representing measurements from instruments
not located at the vehicle center of gravity, and the elements of y§ being a collection of miscellaneous terms.
Obviously, this grouping of terms is somewhat arbitrary and is done primarily to ease the definition of these
terms in the following sections of this report. This grouping of observation variables parallels that used by
Duke and others (1987).

The vector function g relating the state vector, the time derivative of the state vector, and the control
vector to the observation vector is an ¢-dimensional function composed of four subfunctions:

glx(1),x(t), u(t)] = [x* x* u® g7] (1-85)

where x, X, and u are identity functions on the state vector, time derivative of the state vector, and control
vector, respectively, and g’ is composed of vector subfunctions defining the y’ vector.

The state vector, time derivative of state vector, and control vector components of the observation
vector are not discussed in detail in this section of the report. The equations for the elements of the time
derivative of the state vector were developed in section 1.1. The observation equations for the state and
control variables are simply identities. The equations for the remaining observation variables are obtained
from a variety of sources. In addition to the previously cited sources, Clancy (1975), Dommasch and
others (1967), Gainer and Hoffman (1972), and Gracey (1980) provide the background and derivation of
the observation equations used in this report.

1.3.1 Accelerations.—The vehicle body axis accelerations and accelerometer outputs constitute the
set of observation variables that, after the state variables themselves, are most important in the aircraft
control analysis and design problem. These accelerations and accelerometer outputs are measured in units
of g and are derived directly from the body axis forces defined in section 1.2.2. The body axis acceleration
vector a can be expressed as

d )
a—EV—§V+QXV ) (1-86)
It is important to note here that the #, 9, and % body axis velocity rates, derived in appendix B and
defined by equation (B-1), are not the body axis accelerations. The body axis accelerations contain not
only the body axis velocity rates but also the rotational velocity and translational velocity cross-product

terms. Thus, expanding equation (1-86) yields

Az k U+ qw—rv
a= | ayyx | =| d+ru—pw (1-87)
azk W+ pv — qu

where @z k, @yx, and a.x are the kinematic accelerations in the vehicle body z, y, and z axes, respectively.
Using

o (I/m)(XT+ Xa+ Xg) + 70— qu
v | = (I/m)(Yr+Ya+Ye) +pw—ru (1-88)
w (1/m)(Zt + Za+ Zg) + qu — pv
(stated as eq. (B-1) in app. B), equation (1-87) can be rewritten as
Az Xk (I/m)( X1+ X. + X)
Gy k = (l/m)(YT + Ya + Yg) (1-89)
azk (1/m)(Zr + Za + Z)
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where X,, Ya, and Z, are total aerodynamic forces and X, Yg, and Zg are total gravitational forces along
the z, y, and z body axes, respectively. This can be expanded in terms of the gravitational and aerodynamic
forces to give (in units of g)

azx 1 Xt —Dcosa+ Lsina— gmsiné
Gy | = — Yr+Y + gmsin¢cosf (1-90)
ark 9o Z1 — Dsina — L cosa 4+ gm cos ¢ cos 6

¥

where go is the acceleration due to gravity at sea level.

The outputs of body axis accelerometers at the vehicle center of gravity are simply the body axis
accelerations due to the thrust and aerodynamic forces. The accelerometer output equations can be written
directly from equation (1-90) as

az 1 Xt —Dcosa+ Lsina
ay | = — Yr+Y (1-91)
a, go™ | Zr — Dsina — L cosa

where a;, a,, and a, are the outputs of accelerometers at the vehicle center of gravity and aligned with the
vehicle body z, v, and z axes, respectively. Because the normal acceleration a,, is defined by

an = —a, (1-92)
an expression for this variable can be extracted from equation (1-91):

an = (—Z1t+ Dsina + Lcosa)/gom (1-93)

The equations defining the output of accelerometers aligned with the vehicle body axes but displaced
from the vehicle center of gravity are derived by Gainer and Hoffman (1972) using the definition of inertial
acceleration given in equation (1-86)

)
and the definition of inertial velocity 5
= 5-t-r+Q Xr (1-94)
The results from Gainer and Hoffman (1972) are reproduced here without rederivation:
Az ar — [(q2 + 7:2)371 - (pg - 7)yz — (pr + Q)zz]/go
ayi | = | ay+((pg+ )y = (p* + 7%y, — (47 - B)2]/g0 (1-95)
Az a: + [(pr — §)zz + (v + P)y: — (¢ + p)2:)/90

where az ;, ayi, and a,; are outputs at accelerometers aligned with the z, y, and z body axes but not located
at the vehicle center of gravity; the subscripts z, y, and z refer to the z, y, and z body axes, respectively;
and the symbols z, y, and 2 refer to the z, y, and 2 body axis locations of the sensors relative to the vehicle
center of gravity. Because the normal acceleration is the negative of the 2 body axis accelerometer, the
output of a normal accelerometer not at the vehicle center of gravity but aligned with the z body axis, ay ;,
is given by

an,i = an — [(pr — §)22 + (¢7 + D)y — (¢ + P*)2:]/90 (1-96)

The final quantity included in the general category of accelerations is load factor n. This quantity is
defined without inclusion of the z body axis force component as

=— (1-97)
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1.3.2 Air data parameters.—The air data parameters having the greatest application to aircraft
dynamics and control problems are the sensed parameters and the reference and scaling parameters. Chosen
for inclusion as the sensed parameters are impact pressure g, static or free-stream pressure p,, total pressure
Pt, ambient or free-stream temperature T, and total temperature T;. The selected reference and scaling
parameters are Mach number M, dynamic pressure g, speed of sound a, Reynolds number Re, Reynolds
number per unit length Re’, and the Mach meter calibration ratio g¢./p,. The derivation of these quantities
is treated extensively by Gracey (1980).

The nonlinear equations defining these quantities are

1/2
Po
= |14 T] 1-98
¢ [ polo (1-98)
14
M= — (1-99)
Re = 2V¢ (1-100)
"
Vv
Re' = 2~ (1-101)
U
1
q=5pV (1-102)
_ J[(1.0+0.2M?)35 — 1.0]pa (M < 1.0) (1-103)
%= {1.2M2[5.76M2/(5.6M? — 0.8)]*% — 1.0}pa (M > 1.0) )
g _ J(1.0+0.2M7%)3*% - 1.0 (M < 1.0) 1-104
pa | 1.2M?[5.76M2/(5.6M? - 0.8)]>5 - 1.0 (M > 1.0) (1-104)
T, = T(1.0 + 0.2M?) (1-105)

where p is the density of the air, u is the coefficient of viscosity, and the subscript 0 refers to sea level,
standard day conditions. Free-stream pressure, free-stream temperature, and the coefficient of viscosity are
properties of the atmosphere and are assumed to be functions of altitude alone.

1.3.3 Flightpath-related parameters.—Included in the observation variables are what might best
be termed flightpath-related parameters for lack of better nomenclature. These terms include flightpath
angle v, flightpath acceleration fpa, and vertical acceleration /. The variables are defined by the following

equations:
= sin™! h 1-106
¥ = v ( - )
v
fpa = — (1-107)
g
h = azysinf — ayxsin ¢pcos@ — a, ) cos ¢ cosf (1-108)
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1.3.4 Energy-related parameters.—Two energy-related parameters are included with the observa-
tion variables considered in this report: specific energy Fs, and specific power P,, defined as

: V2

= —_ 1-109

Eo=h+t 5 (1-109)

P, = dEs _j, LYY (1-110)
dt g

1.3.5 Force parameters.—The set of observation variables being considered also includes four force
parameters. These quantities are total aerodynamic lift L, total aerodynamic drag D, total aerodynamic
normal force N, and total aerodynamic axial force A, defined as

L =gSCL (1-111)
D = §SCp (1-112)
N = Lcosa + Dsin o (1-113)
A= —Lsina+ Dcosa (1-114)

where § is the surface area of the wing, Cf, coefficient of lift, and Cp coefficient of drag,

1.3.6 Body axis rates and accelerations.—Because they are of interest in the control analysis and
design problem, six body axis rates and accelerations are included as observation variables. These include
the z body axis rate u, the y body axis rate v, and the z body axis rate w.. Also included are the time
derivatives of these quantities, @, ¥, and 1, respectively.

The definitions of the body axis rates are given in equations (1-9) to (1-11) as

u = V cosacosf
v = Vsing

w = Vsinacosf

The time derivatives of these terms can be defined using equation (B-1) and equations (B-8), (B-9), (B-10),
and (1-56) as

) Xt —gmsinf — Dcosa+ Lsina
U =
m

v = Yr+gm snr1n¢coso +Y + pVsinacos B — rV cosacos 8 (1-116)

+ rVsin 8 — ¢V sin @ cos 8 (1-115)

8 — Dsi -L
W= Zr + gm cos ¢ cos - s s + ¢V cosacos 8 — pVsin B8 (1-117)

1.3.7 Instruments displaced from the vehicle center of gravity.—The need to include measure-
ments from instruments displaced from the vehicle center of gravity arises from the fact that not all aircraft
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instrumentation is located at the vehicle center of gravity. The most important of these quantities are un-
doubtedly the accelerometer outputs treated in section 1.3.1. In this section four additional parameters are
presented: angle of attack (a,;), angle of sideslip (8;), altitude (% ;), and altitude rate (h ;) measurements
from instruments displaced from center of gravity by some z, y, and 2 body axis distances. The subscripts
a, B, h, and h refer to the displacements of the angle-of-attack, angle-of-sideslip, altitude, and altitude rate
instruments from the vehicle center of gravity. The equations used to compute these quantities are

a; = a+ Lo Pa (1-118)
1%
rTH — P2
B,=p+ P (1-119)
1%
hi=h+ zpsinf — y; sin ¢ cos @ — z;, cos P cos § (1-120)

h; = h+ é(mh cos 0 + y;, sin ¢sin § + z; cos psin §) — ¢.>(y,-z cos ¢ cos § — z;, sin ¢ cos 0) (1-121)

1.3.8 Miscellaneous observation parameters.—The final set of observation parameters considered
in this report is a miscellaneous collection of parameters of interest in analysis and design problems. These
parameters are total angular momentum 7, stability axis roll rate ps, stability axis pitch rate gy, and stability
axis yaw rate rs. The equations used to define these quantities are '

T = %(ch2 — 2Ly pq — 2L,pr + I,g® — 2I,.qr + L,7%) (1-122)
Ps = pcosa+ rsina (1-123)
% =q (1-124)
r; = —psina+ rcosa (1-125)

2 LINEAR SYSTEM EQUATIONS

The standard state equation for a linear differential system has the form
x(t) = A’x(t) + B'u(t) (2-1)

where, for a time-invariant system, A’ is a constant » X n matrix and B’ is a constant n X k matrix. The
standard output equation has the form

y(t) = H'x(t) + F'u(t) (2-2)

where H' is a constant £ X n matrix and F’ is a constant £ X k£ matrix. The generalized linear system
equations used with an extended formulation compatible with the generalized nonlinear equations (1-3) and
(1-4) can be characterized by

Cx(t) = Ax(t) + Bu(t) (2-3)
y(t) = Hx(t) + GX(t) + Fu(t) (2-4)

where C and A are constant n X n matrices, B is a constant n X k matrix, H and G are constant £ X n
matrices, and F is a constant £X k matrix. The nonlinear system equations developed in section 1 (egs. (1-1)
to (1-4)) can be linearized about a trajectory, and a linear model can be formulated that is similar to either
the standard or the generalized linear system equations.
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2.1 Linearization of the State Equation

If uo(t) is given input to a system described by the state differential equation (1-3), and if xo(t) is a known
solution of the state differential equation, then approximations to the neighboring solutions can be found
for small deviations in the initial state and in the input by using a linear state differential equation. The
nonlinear state differential equation (1-3) can be linearized about a general trajectory, as by Kwakernaak
and Sivan (1972) and Dieudonne (1978), so that xo(t) satisfies

Txo(t) = f[%o(t), %o(t), uo(t)]

Assuming that the system is operated at close to nominal conditions with u(t), x(¢), and x(¢) deviating
only slightly from wo(t), x0(%), and %o(t), the following expressions can be written:

u(t) = up(t) + du(t) (2-5)
x(t) = xo(t) + 6x(2) (2-6)
x(t) = Xo(t) + 6x(t) (2-7)

where du(t), 6x(t), and 6x(t) are small perturbations to the control, state, and time derivative of the state
vectors, respectively.

Substituting equations (2-5) to (2-7) into the nonlinear state differential equation (1-3), expanding in a
Taylor series about Xo(t), Xo(t), uo(t), and assuming T constant with respect to %(t) yields
of of of
T[xo(t) + 6% =1 X — — %+ — 3
[Xo(t) + 6%(t)] = f[x0(2), Xo(t), u(t)] + I ox + % 8% + 7 du + h(t) (2-8)
where 0f/0x, 0f /0%, and Of/Ou are defined in equations (2-9) to (2-11) and h(t) represents the sum of
the higher order terms in the Taylor series, assumed to be small with respect to the perturbations. The
matrices used in the Taylor series expansion are defined by the following relationships:

of _ of
3 = x|l (2-9)
(x0,%0,u0)
LA (2-10)
0% 0% (%0,%0,110)
of _ of
70" a . (2-11)
(x0,%o0,u0)
the (7, 7)th elements of which are defined as
of of;
(&), = @12
() o ”
0%/);; 0%, (2-13)
of af;
@), = 1

respectively, where f; is the ith simultaneous equation of the nonlinear state differential function in equa-
tion (1-3), x; the jth element of the state vector, X; the jth element of the time derivative of the state
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vector, u1; the jth element of the control vector, and all derivatives are evaluated at the nominal condition
(x0(2), %o(t), uo(?))-

Subtracting equation (1-3) from (2-8), rearranging terms and neglecting the higher order terms yields a
linearized state equation,

of of of
— =] é%x(t) = =— — 2-1
[T 3)':] 5(1) = 5 6x(t) + 5= bu(?) (2-15)
where the arguments of the matrix functions have been dropped to simplify the notation and where it is
understood that the matrices are to be evaluated along the nominal trajectory.

Letting
of

C=T- 3% (2-16)

of
A= o (2-17)

of
B = 5o (2-18)

equation (2-15) can be written as

C 6%(t) = Aéx(t) + B su(t) (2-19)

which is precisely the formulation of the generalized state equation desired.

Premultiplying both sides of equation (2-19) by C~! results in the standard form of the linearized state
differential equation,

§%(t) = C™1 A 6x(t) + C71B éu(1) , (2-20)

Letting
A =CA (2-21)
B'=C7'B (2-22)

equation (2-20) can be written in the more usual notation

6%(t) = A’ §x(t) + B’ 6u(t) (2-23)

2.2 Linearization of the Observation Equation

The technique used in section 2.1 to linearize the state equations can be applied to the nonlinear observation
equation (1-4),

() = g[x(2), %(t), u(t)]

Performing a Taylor series expansion about the nominal trajectory (xo(t), Xo(t), uo(t)) yields

. ) 0 dg .. 0
Yo(t) + 6y (1) = g[xo(t), %o(t), uo(t)] + 5o 6x + 52 % + Zo u + h() (2-24)

where

g 0
& = 5—); (2-25)
(xo )*0)“0)
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g _ %8 (2-26)
ox ~— 0% (30,0 ,110)
9g _ %8 (2-27)
du  Ou (30 0 10)
the (¢, 7)th elements of which are defined by
og Ogi
= = = 2-28
(3x>,-,j Ix J ( )
dg\ _ s
(asc),-,,- = 7%, (2-29)
g 9gi
il = - = 2.
(3“),"]' 6uj ( 30)

respectively, where g; is the ith simultaneous equation of the nonlinear observation equation (1-4). Again,
all derivatives are evaluated at the nominal condition (xo(t), Xo(t), uo(?)).

Subtracting equation (1-4) from equation (2-24), rearranging terms, and neglecting higher order terms
results in a linear observation equation,

_ 0Og 0g ..  Og
dy(t) = 7 ox + 7% ox + 7u du (2-31)
where the arguments of the matrix functions have been dropped to simplify notation. Letting
og
H = I (2-32)
Jg
G = % (2-33)
g
F = 7a (2-34)
equation (2-31) can be rewritten as
8y (t) = H éx(t) + G 6%x(t) + F éu(t) (2-35)

which is the generalized linear observation equation desired.

The standard form of the observation equation can be derived by substituting for éx from equation (2-23)
into equation (2-33). This substitution results in

Sy(t) = H 6x(t) + G[A' §x(t) + B' su(t)] + F su(t) (2-36)
which can be written as
8y(t) = [H + GA') éx(t) + [F + GB'] §u(¥) (2-37)
By letting
H' = H+GA (2-38)
F' = F+GB (2-39)

equation (2-37) becomes
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8y(t) = H' 6x(t) + F' §u(t) (2-40)

2.3 Definition of Matrices in Linearized System Equations

The results of sections 2.1 and 2.2 can be used to define the matrices in the linearized system equations
in terms of partial derivatives of the nonlinear state and observation functions taken with respect to the
state, time derivative of state, and control vectors. All derivatives are understood to be evaluated along the
nominal trajectory.

Using the nonlinear state equation (1-3),
Tx(t) = £x(t), %(2), u(0)]
the terms in the generalized form of the linearized state equation (2-19),
C 6%(t) = A 6x(t) + B §u(t)

can be defined as

of
C=T-o | (2-41)
of
A= e (2-42)
of
B = o (2-43)
The terms in the standard form of the linearized state equation (2-20),
6%(t) = A’ 6x(t) + B’ §u(t)
can be defined as
- g] -tof
A = [T -] o (2-44)
of11 of
I —_— — — —
b= [T 8)’(] du (2-45)

In a similar manner, the nonlinear observation equation (1-4),

y(t) = glx(1), %(2), u(t)]
can be used to define the terms of the generalized linearized observation equation (2-35),

8y(t) = H 6x(t) + G 6x(t) + F §u(t)



as
H=23= (2-46)
G =22 (2-47)
F=2= (2-48)
The terms in the standard form of the linearized observation equation (2-40),

Sy (t) = H' 6x(t) + F' §u(t)

can be defined as

, Og Og of1°! of

_9Og 0g[p_Oof]17 of -4
o= 5% T ax [T asJ ox (2-49)
,_ 08 %[Jﬁfﬁ .
F=gutax T 3zl u (2-50)

2.4 Elements of the Linearized System Matrices

The elements of the linearized system matrices derived in sections 2.1 and 2.2 are determined by applying the
linearization method employed with the vector equations in those sections to the individual scalar equations
constituting the vector equations that define the time derivatives of the state and observation variables.
Thus, for a matrix, such as the state matrix A defined by equation (2-42),

_of

A= 5%

the element occupying the ith row and jth column of A, (A);;, can be represented as

of;
(i = g (2-51)

where f; is the scalar function defining the time derivative of the ith state and x; is the jth state. The
individual terms used in the A, B, C, H, G, and F matrices are defined in appendix D based on the
generalized derivatives derived in appendix C.

Using the state vector x defined in (1-7) as

x=[pgrVapé¢dyphzy?

the elements of the A matrix can be expressed as

a(p')/0p 8(p')[dq - B(p)/ Dy

a(q")/0p 0(¢')[0q --- 8(¢')/ Oy
: : : (2-52)

a(x)/9p 9(x)/8q --- O(x)/0y

a(y)/0p 0(9)/dq --- a(y)/dy
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Substituting for these partial derivatives using the terms in appendix D gives

(1/1,)[(gS4?/2Ve)Cs, + OLr/0p (1/1,)[(@Sbe/2Vo)Ce, + OL1/dy + Lnzpo

_Ia:yTO + Izzgo] +21,,q0 + TO(Iy - 1,)]
A= | (1/L)[(gSbe/2V0)Crm, + OM1/0p  (1/I,)(§S€*/2Vo)Crm, + 0Mr/dq (2-53)

—2I;.p0 — Iyqu + "'O(Iz - Ix)] +Ixy7'0 - Iyzpo]

The elements of the B, C, H, G, and F matrices can be determined in a similar fashion, although some
care must be taken in determining the elements of the matrices for the observation equation and the C
matrix.

To determine the elements of the matrices for the observation equation, one must consider the definition
of the nonlinear vector function g defining the observation variables (eq. (1-85)),

g[x(®), (), u(t)] = [xT 5T u” g
and the definitions of the matrices for the generalized linear observation equations (2-46) to (2-48) ,

_ o8
H_ax

_ 0g
¢ =3

_ ¢
F=%

These matrices may be expressed using a partitioning based on the vector subfunctions of g as

—Q‘--

(2-54)

SRR e o®

—

G=_. (2-55)

(2-56)
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which become

l12x12 |

012x12
H=1____ (2-57)
Okx12

a 1
| x|
012x12 |

l12x12
G=|_--__ (2-58)
0kx12

_ég__’_

L ox J

O12xk

012xk
F=|____ (2-59)
lexk

| & ]

upon evaluating the partial derivatives of the identity functions x, X, and u.

The C matrix may be viewed as a partitioned matrix as

r | ) W
Cnn ! Ciz |
_____:____ 1 Osxe
1
c=|foxsiCnt (2:60)
|
Osxe E loxs
i E ]

where, from equation (1-48),

10 - xy/Iz _I:l:z/Ia:‘
Cu=J=|-L./I, 10 -I./I, (2-61)
L/, —1,./I, 1.0

and

-8(p)/0V —a(p')/0& —8(p')/ 98 0 —(g5b8/2Volz)Ce, —(750*/2V012)C,
—0(¢")/0V —d(¢")/0a -8(¢)[8B | = | 0 —(§5¢*/2Voly)Crm, —(3SbE/2V01,)Cnm, (2-62)
—a(r") [V —8(r")/0& —0(r") /0B 0 —(gSbe/2Vol.)Crs —(GSH2/2VoI.)Ch,

Ci2
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1.0-9(V)/oV  ~a(V)/oa  —8(V)/d8
-0(&)/0V 1.0 - 8(a)/0&  -0(a)/0B
—0(B)/oV -9(B)/9& 1.0 — 8(B)/0p
1.0 (gS¢/2Vym)(cos Bo Cp, — sin By Cy,) (§5b/2Vom)(cos Bo Cp,)
0 1.0+ (gSe/2VEmcosBo)CrL, (gSb/2VEm cos Bo)CL, (2-63)
0 (gSe/2Vgm)(sin Bo Cp, + cos Bo Cy,) 1.0 — (§Sb/2VZm)(sin o Cp, + cos fo Cy,)

Ca

The inverse of the C' matrix, C~!, can be expressed as a partitioned matrix in terms of the matrix subpar-

titions of the C matrix as

C1i—-CrlC1.C
__114:___1_1__%2__211 | Ooxe
Cc!= PEEEL___922____J: __________ (2-64)
I
Osxs i lexs
]
|

The elements of the A’, B', H’, and F’ matrices can be determined using the C~! matrix defined in
equation (2-64), the A, B, H, G, and F matrices, and the definitions for A’, B’, H', and F’ given in
equations (2-21), (2-22), (2-38), and (2-39).

3 CONCLUDING REMARKS

This report derives and defines a set of linearized system matrices for a rigid aircraft of constant mass, flying
in a stationary atmosphere over a flat, nonrotating earth. Both generalized and standard linear system
equations are derived from nonlinear six-degree-of-freedom equations of motion and a large collection of
nonlinear observation (measurement) equations.

This derivation of a linear model is general and makes no assumptions on either the reference (nominal)
trajectory about which the model is linearized or the symmetry of the vehicle mass and aerodynamic
properties.

Ames Research Center

Dryden Flight Research Facility

National Aeronautics and Space Administration
Edwards, California, January 8, 1987
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APPENDIX A—AERODYNAMIC FORCES AND MOMENTS

The aerodynamic forces and moments acting on an aircraft are the result of multiple factors whose signif-
icance varies with flight condition as well as from vehicle to vehicle. In general, these forces and moments
are nonlinear functions primarily of Mach number, angle of attack, angle of sideslip, altitude, rotational
rates, and control-surface deflections. For the purposes of this report, the aerodynamic forces and moments
are assumed to be functions having the following form:

F = &(a,,V,h,p,q,7,&,5,61,...,60) (A-1)

where F is an arbitrary force or moment, @ is an arbitrary function, and the é; are the n control surface
deflections. These forces and moments are related to the nondimensional force and moment coeflicients by
the equations for the forces,

D = ¢SCp (A-2)

Y = gSCy (A-3)

L = ¢gSCyL (A-4)
and the moments,

L = gSbCy (A-5)

M = §SeCp, (A-6)

N = @SbC,, (A-7)

where b is reference span and ¢ is reference aerodynamic chord.

While the nondimensional aerodynamic force and moment coefficients are themselves nonlinear func-
tions of the vehicle states, time derivatives of the vehicle states, and the control surface deflections, these
coefficients are commonly expressed in linear form in terms of partial derivatives of these coefficients with
respect to the functional variables. These linear equations for the aerodynamic force and moment coeffi-
cients are derived in the same way as the linearized system equations (section 2); therefore, this derivation
will not be repeated here. These linear equations are

CL = CLy + CL @+ CLB + Cr h + CL, V

+ zn; CLy 6i + CLyp + CLod + CL.f + Cryé + CLﬁﬂ? (A-8)
i=
Cp = Cp, + Cp,a+ Cp,B + Cp,h + Cp, V
+Zn:CD6i5i +C'D,,]3+CDqé+CD,f+CDd&+CDbB (A-9)
=1
Cy = Cy,+Cy,a+Cy,B+Cy,h+Cy,V
+ Zn: Cyy 6 + Cy,p + Cy 4+ Cv.7 + Cyaé + vaﬂ: (A-10)
=1
Ce = Co+ Croa+ CrB+ Co,h + Co, V
+30 Cobi+ Capp+ Coyd + CaF 4 Coy Coyf (A-11)

1=1
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Crm = Cmg + Crpg@+ CrpB+ Crnph + Cp, V

+2_ Crmg8i + Cmpb + Cmy + Com, # + Crny & + Cn B (A-12)

1=1

Cn = Crg + Crg@ + CryB+ Crph + Coy V

+ Y Crg, b+ Coy + Cryli + Cn 7+ Gyl 4 G (A-13)

i=1
where C¢, is the value of the coefficient along the nominal trajectory and the notation Ce, is defined as

= 9C
*T Oz

with C¢ being an arbitrary force or moment coefficient and z being an arbitrary state, time derivative of state,
or control-related parameter that for the usual derivatives is nondimensional. However, the derivatives with
respect to altitude and velocity are not taken with respect to a nondimensional quantity. The definitions
of these nondimensional stability and control derivatives are given in terms of the coefficient Ce¢. The
nondimensional stability derivatives are defined as

Ce (A-14)

C¢o = % (A-15)
Cep = %%‘i (A-16)
Ce, = ﬁi%To) ‘ (A-17)
Ce, = 5(63_/025?5 (A-18)
Ce, = a—(lgf;—%) (A-19)
Ceo = graniis (A-20)
Ce, = WC;%) (A-21)
The two other stability derivatives are not nondimensional and are defined as
Cey = ?9—(;;{ (A-22)
Ce, = %C,f (A-23)
The control derivatives are defined as
Cey, = %% (A-24)
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The rotational terms in equations (A-8) to (A-13) are nondimensional versions of the corresponding vari-
able with

b= (A-25)
i= o (A-26)
;= 2”—";0 (A-27)
& = 56% (A-28)
p- 2 (A 29)

Because the C¢, terms are included, the force and moment coefficients are total force and moment coefficients.
The state, time derivative of state, and control parameters on the right-hand side of equations (A-8) to
(A-13) are differentials.
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APPENDIX B—DERIVATION OF THE WIND AXIS
TRANSLATIONAL PARAMETERS V, &, AND j

The derivation of the wind axis translational acceleration parameters is based primarily on the definitions
in equations (1-9) to (1-14), the body axis translational acceleration equations (1-56), and the expression
of the force terms defined in equation (1-53). In the following sections, each of the wind axis transla-
tional acceleration terms is derived separately after stating some preliminary definitions applicable to all
calculations.

B.1 Preliminary Definitions

Equation (1-56),
)

ot
can be expanded, using equations (1-54), (1-55), and (1-26), to

V:lF—QxV
m

U (1/m)( X1+ Xa+ Xg) + rv—quw
o = |(1/m)Yr+Ya+Ye)+pw—ru (B-1)
W (I/m)(Zr+ Za+ Zg) + qu—pv

The body axis aerodynamic forces can be rewritten in terms of the stability axis forces lift L, drag D, and
sideforce Y

Xo=—-Dcosa+ Lsina (B-2)
YV,=Y (B-3)
Zy = —Dsina — Lcosa (B-4)

The gravitational forces can be resolved into body axis components such that

Xg = —mgsiné (B-5)
Y, = mgsin¢cosb (B-6)
Zg = mgcosgcosf (B-7)

These equations will be used in the derivations of the V, &, and ﬂ equations. Thus, the total forces in the
body axes can be defined and expanded as

X = Xr—Dcosa+ Lsina — gmsiné (B-8)
LYY = Y7 +Y + gmsindcosd (B-9)
YZ = Zr — Dsina— Lcosa+ gmcosdcost (B-10)

B.2 Derivation of V Equation

Beginning with the definition of V in terms of u, v, and w in equation (1-12),

V= (u2 + v2 + w2)1/2
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the equation for V becomes

,_ d d, 2, .2 2\1/2
= -V =— -11
|4 dtV dt(u + v* + w?) | (B-11)

which after expanding the derivative and cancelling terms, becomes
. 1
V= i/—-(uu + v + wb) (B-12)

By substituting the definitions for u, v, and w from equations (1-9) to (1-11) and cancelling terms, equa-
tion (B-12) yields )
V =dcosacos B+ vsin 3 + wsin o cos 8 (B-13)

The definitions for @, ¥, and ¥ in equation (B-1) are now used with equation (B-13) to give

V= %ﬁg(Xa + X1+ Xg) + cosacos f(rv — qw)

sin .
m’B (Ya + YT + Yy) + sin B(pw — ru)

sin « cos 3

+
(Za+ Z1 + Zg) + sin acos B(qu ~ pv) (B-14)
Expanding (B-14) in terms of equations (B-2) through (B-7) and cancelling yields

. 1
V = E[—Dcosﬁ+Ysin,B+XTcosacosﬂ+YTsinﬁ+ZTsinacosﬁ

— mg(cos a cos Bsin 6 — sin B sin ¢ cos § — sin a cos 3 cos ¢ cos §)]
+ rvcosacos B — qwcosacos B + pwsin f — rusin

+ qusin o cos B — pusin acos B (B-15)

Equation (B-15) can be simplified by recognizing that the terms involving the vehicle rotational rates are
identically zero, which becomes obvious after substituting for u, v, and w in these terms. Thus, the final
equation becomes

. 1
V = E[—Dcos,H+Ysin,8+XTcosacosﬂ+YTsinﬂ+ZTsinacosﬂ

— mg(cos & cos Bsin § — sin B sin ¢ cos 6 — sin a cos B cos ¢ cos §)] (B-16)

B.3 Derivation of & Equation
The equation for & can be derived from the definition of a in equation (1-13),
1w

a =tan™ —
u

Taking the derivative of @ with respect to time,

a=Yo- L
a* = @t (B-17)
then expanding and cancelling terms, the equation becomes
1 .
= m(uw - ’U,'ll)) (B-]_8)
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Substituting the definitions of v and w from equations (1-9) and (1-11) into equation (B-18) gives

. wceosa — U sin o
= Vecosf (B-19)

Using equation (B-1) to substitute for ¢ and @ and equations (B-8) to (B-10) to define the forces,
equation (B-19) becomes, after rearranging terms,

& = —1—[—L + Zt cosa — Xtsina + mg(cos a cos ¢ cos § + sin asin 6)]
Vmcosf
+ Vci)sﬂ(qu cosa — pvcosa — rosin a 4+ qwsin ) (B-20)

which after substituting for u, v, and w from equations (1-9) to (1-11) and combining terms gives

1
~ Vm cos B
+ g —tan B (pcosa + rsin ) (B-21)

& [-L + Zt cosa — X sin o + mg(cosacos ¢ cosd + sin asin §)]

B.4 Derivation of 3 Equation

The equation for ﬂ is derived from the definition of § as given in equation (1-14),

B = sin™? 2
Taking the derivative of 8 with respect to time yields
. d d . 4 v
b= Eﬂ =55 7 (B-22)

which becomes, after expanding the derivative, substituting for V, and cancelling,

g = ‘i/[—qlcos asin 8+ 9 cos B — 1w sin asin (] (B-23)

Using equation (B-1) to substitute for «, ¥, and w and equations (B-8) to (B-10) to define the forces,

. 1
8= W[— cosasin B (—Dcos o+ Lsina + Xt — mgsin ) + cos 3 (Y + YT + mgsin ¢ cos §)
—sinasin 3 (—Dsina — L cosa + Z1 4+ mg cos ¢ cos §)]

1
+ —‘7[—— cosasin B (rv — qw) + cos B (pw — ru) — sin asin 8 (qu — pv)] (B-24)
Substituting into equation (B-24) for u, v, and w and rearranging terms yields the final equation

. 1 ~
p = W[Dsinﬂ—l— YcosfB — Xtcosasinf + Yrcosff — Zrsinasinf
+ mg(cos asin B sin 6 + cos Bsin ¢ cos § — sin a sin 3 cos ¢ cos )]
+ psina — rcos (B-25)
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APPENDIX C—GENERALIZED DERIVATIVES

The equations defining the time derivatives of the state variables (derived in sections 1.2.1to 1.2.4) and those
defining the observation variables (presented in sections 1.3.1 to 1.3.8) are used to determine the generalized
partial derivatives of the quantities with respect to a dummy variable £. The purpose of these generalized
derivatives is primarily to facilitate the derivation of the terms in the linearized equations presented in
section 2.4; however, these equations have also proved to be useful for computer programs and were used
to verify the results obtained using LINEAR (see Duke and others, 1987).

C.1 Generalized Derivatives of the Time Derivatives of State Variables

Equations (1-39) to (1-41) define the rotational accelerations of the vehicle. These equations are used to
determine the generalized derivatives of these quantities.

3P 1 oL oM ON oL IM IN.
ﬁ_ {Il +L—+15 T+Iz T+Isa 1

o ~dmr\aE TR thgr thig o€ 9¢
7]
- [2p(IzzI2 - IzyI3) - Q(Ilel - IszZ - DzIS) + T(Ia:yIl + Dy-[2 IszS)] a]g
+ [p(IzzII - IszZ - -DzIS) + Z‘I(Iyzll - I:cyI3) - T(Dz:Il I:cyI2 + IzyI.B)] "Z

0
— [p(Ixyfl + Dyfg - Iyz.[3) + q(DIl - Ixyfz + Ixzfg) + 21‘(Iy211 Ixzfz)] 32} (C-].)

M_ 1 { oL oM ON oLt oMy ONT
9 ~dm1\2og Tligg th g Thg thige +1i

i}
—_ [QP(I:z:zIf-i - IzyIS) - q(I:czIZ - .[sz4 — DZI5) + T(Iz:yIZ + DyI4 — IszS)] 5161

0
+ [P(Izz-[2 - Isz4 - DzIS) + 2Q(Iyz12 - I.‘l:yIS) - T(D:L‘IZ - IzyI4 + IzyIS)] %

0
- [p(IzyIZ + DyI4 - IyZIS) + q(Da:IZ - IzyLi + IszS) + 27'[1sz2 - Ixzf4] é} (0'2)

o(r) 1 { oL oM aN 0Lt oMy ONT
+ I, I I I I,
7 5§+63£+33£+53§+68§

7}
- [QP(Ia:zIS - Ia:yI6) - Q(IszS - IszS e DzIG) + T(Ixy-[3 + DyIS - IszG)] %

£ det]

i}
+ [.p(IzzI3 - Isz5 - -DzIG) + 2Q(Iy113 - IxyIG) - "'(Da:IS - I:cyIS + IzzIG)] _q‘

- [P(I:cyIB + -DyIS - IszG) + Q(DzI3 - IzyIS + IzzIG) + 2T(Isz3 Iles)] 06} (C'3)
The quantities 11, Ia, I3, I4, Is, I, Dz, Dy, D,, and det I are defined in equations (1-32) to (1-38) and
(1-42) to (1-44).

Equation (1-50) defines the decoupled rotational accelerations of the vehicle (p ¢, and r') which are
used to determine the generalized derivatives of the decoupled quantities:

ow) _ 1 [Q{Z_ oLr _ . ; dq
(‘35 = A 85 86 ( quz) a&. (pIxz + TIy +2ql,, - TIz) %
- (pI:cy - qu + 2TIxz + qu) %] (0'4)



(¢ [aM OMry

+ —— — (I + qly, + 2pl;, — 11, ) % + (rlgy — pIyz)

3 ¢ o
= (PIz — qlzy — 271y, — pI3) 22 (C-5)
%’;) = ;—z %%V + %T— + (gls + 71; + 2pL,y — qI,) -g—? + (plLy — vl — 2qI,y, - pl,) g-‘f’-
— (gL, - pl,.) g—g] (C-6)

Equations (1-58) to (1-60) define the translational accelerations of the vehicle. These equations are used
to determine the generalized derivatives of these quantities:

o
0¢

3(V)__l_ _ _8_12 0X
W_m{ cos 3 a£+cosacosﬁ ¢ ¢ af

+[— XtsinacosfB + Zt cosacos 8 + mg(sin f sin « cos 8

+snﬁ

+ sin a cosﬂ

+ sin 8

+ cos  cos ¢ cos a cos B)] —

€
+ [Dsinf+ Y cos 3 — XtsinBcosa + Yt cos § — Zr sinasin 8

+ mg(sin 6 cos asin B + cos 6 sin ¢ cos B — cos 8 cos ¢ sin asin )] ——

23

— mg(—cosf cos ¢psin 3 + cosesmgbsmacosﬁ) o€

— mg(cos 6 cos a cos 8 + sin §sin ¢sin B + sin 6 cos ¢ sin a cos B) %} (C-7)

or
9¢

1
- {m[ L+ Zrceosa — Xysina + mg(cosd cos ¢ cos a + sin 8 sin a)]} aa‘f/

TBE T ¢ B¢ 5 * 5t

1
—Zrsina — _ ‘o
+ {Vcosﬁ[ Tsina — Xt cosa — mg(cos 6 cos ¢ sin a — sin 6 cos a)]

+tan 8 (psina — r cos a) }g&_
+{ tan S8

—Fr 7 - i
~ cos,['l[ + Zrcosa — Xrsina

+ mg(cos 6§ cos ¢ cos a + sin f sin )] — cos12 ﬁ(p cosa + rsin a)} g?

(sin 8 cos ¢ cos a — cos # sin a)] g—g (C-8)

cos @ sin ¢ cos a)

- (_V—c‘((})s_ﬁ- g? [Vcisﬁ
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%?) mlv ﬁ%”wosﬂ 35 cosasinﬂQg—(g+cosﬂa—;§——sinasinﬁga—g]
or

+ sin o Cr)——cosoz——
o

o€

[Dsinf8 + Y cos 3 — Xt cosasin§ + Y cos § — Zr sin asin 8
. . : o av
+ mg(sin 6 cos asin B + cos @ sin ¢ cos B — cos f cos ¢ sin asin §)] ?5—

+ {L[XT sin a sin 3 — Z1 cos asin B + mg(— sin @ sin a sin 8 — cos 6 cos ¢ cos a sin 3)]
+ cosa+rsma} da
p ot
+ —I-[Dcosﬂ—Ysin,@—XTcosacosﬂ—YTsinﬂ—-ZTsinacosﬂ

+ mg(sin @ cos a cos 8 — cos @ sin ¢sin § — cos 8 cos ¢ sin a cos )] :9?

+ =(cos @ cos ¢ cos B + cos 8 sin ¢ sin asin ) —az

<=

(C-9)

;q—(cos0cosasinﬁ — sin @ sin ¢ cos B + sin 6 cos ¢ sin a sin 3) E)E

Equations (1-66) to (1-68) define the vehicle attitude rates. These equations are used to determine the

generalized derivatives of these quantities:

B(¢) dp n m¢tan06—+cos¢tan0 %-F(qcosq&tane—rsmd)tanO) 55

ot~ o o€
+(gsin ¢ sec? @ + r cos ¢ sec? 0) % (C-10)
é
% - ¢ ag Sm¢ - (gsing + rcos¢) 8.5 (c11)
?—é—? = sin ¢secl §€ + cos¢sec0 ar + (gcos psecl — rsin psech) g—?
(C-12)

+ (gsin ¢secftan @ + rcos psecftan ) %
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Equations (1-72) to (1-74) define the earth-relative velocities of the vehicle. These equations are used
to determine the generalized derivatives of these quantities:

—;~ = [cos B cos asinb — sin Bsin ¢cosd ~ cos 3 sin a cos ¢ cos 0] oV

o€

. . da

— V(cos Bsin asin @ + cos B cos o cos ¢ cos 0) -8—6
: . : NP op
— V(sin S cos asin 6 + cos Bsin ¢ cos § — sin (3 sin & cos ¢ cos 6) —az

— V(sin B cos ¢ cos § — cos Fsin a sin ¢ cos 6) g—?

+ V(cos B cos a cos 8 + sin B sin $sin b + cos Bsin a cos ¢ sin 6) Z_Z (C-13)

= [cos 3 cos a cos § cos 3 + sin 8 (sin ¢ sin 8 cos 1 — cos ¢ sin )

+ cos fsin a (cos ¢ sin 8 cos ¢ + sin ¢ sin )] %—Z

— V{cos Bsin arcosf cos 9 — cos f cos e (co5 ¢ sin 0 cos ¥ + sin ¢sin )] Z—?

— V[sin B cos o cos 8 cos i — cos (3sin ¢ sin @ cos 1) — cos ¢ sin
+ sin B8 sin o (cos ¢ sin 6 cos 4 + sin ¢ sin )] g—?—

+ V[sin 8 (cos ¢ sin 8 cos 1 + sin ¢ sin ¥) — cos B sin a (sin ¢ sin 6 cos 1 — cos @ sin 1)) o¢

3
. . . . a6
~ V[cos 8 cos asin 6 cos p — sin 3 sin ¢ cos 8 cos 1 — cos B sin a cos ¢ cos 8 cos 9] 55
= V]cos 8 cos e cos @ sin 9 + sin § (sin ¢ sin @ sin 1 + cos ¢ cos P)
+ cos sin a (cos ¢ sin @ sin ) — sin ¢ cos ¥)] %%b- (C-14)

%g) = [cos B cos a cos Osin 1 + sin B (cos ¢ cos ¢ + sin ¢sin § sin 1)
: o : oV
+ cos 3sin & (cos ¢sin 6 sin 1 — sin ¢ cos ¢)] ¥

da

— V[cos Bsin a cos fsin 4 — cos B cos a (cos ¢sin 8sin ¥ — sin ¢ cos ¥)] _0_5

— V[sin 8 cos & cos 8 sin ¢ — cos B (cos ¢ cos ) + sin ¢ sin b sin )

+ sin Ssin o (cos @ sin 6 sin ¢ — sin ¢ cos )] g—?

42



— V[sin B (sin ¢ cos 3 — cos ¢ sin 8 sin ) + cos B sin a (sin ¢ sin § sin 3 + cos ¢ cos 1)) g—?

— V{cos 3 cos asin #sin 1 — sin B sin ¢ cos 6 sin ¢ — cos B sin a cos ¢ cos f sin P) a
+ V[cos B cos a cos 8 cos ¢ — sin B (cos ¢ sin 1 — sin ¢ sin 6 cos )

+ cos B sin & (cos ¢ 5in 6 cos 9 + sin ¢ sin )] ?9_? (C-15)

C.2 Generalized Derivatives of the Observation Variables

The vector equation (1-90) defining the body axis kinematic accelerations is used to determine the gener-
alized derivatives of the individual body axis accelerations:

Oazyx) 1 [BXT 3 aD oL 90 ] _
98 gom | Of cos o & 9€ +sina 7€ +(Dsma+Lcosa) 55 — gmcosf 3¢ (C-16)
Olayy) 1 [8YT Y 9 80] N
96~ gom | B¢ + o€ + gm cos @ cos ¢ B¢ gmsin@sin ¢ 7% (C-17)
O(azx) _ 1 [0Zx . 0D . da
¢ _gom[ B¢ —smaﬁ cos & 36—(Dcoga_Lgma)3_€
—gm cos fsin ¢ ?-% — gmsin 6 cos ¢ 8?] (C-18)

Vector equation (1-91) defines the output of body axis accelerometers at the vehicle center of gravity
and is used to determine the generalized derivatives of the individual body axis accelerometers:

8ay) 1 (3YT QX) -
9~ gom \9€ T B¢ (&2

Using equation (1-93), the generalized derivative of the output of a normal accelerometer at the vehicle
center of gravity can be expressed as

day 1 OZT oD
+sina — + cosa —

5 = gom | 0F o ot + (Dcosa — Lsin a) af] (C-22)

The vector equation (1-95) defining the output of orthogonal accelerometers aligned with the body axes
but displaced from the vehicle center of gravity is used to determine the generalized derivatives of these
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quantities:

%m_%gi[ op _ bq - or 94 _ ﬁ}_
O(ay,i) _ Oay or op or

1 0 0
5 = B¢ - ‘%- [(pry - qzy) 5‘2—) - (pzy +72,) é - (gzy — 2ryy) -(9—6 + z, % — zy %} (C-24)

8(az,i)_@i_l[ ~ ap _ g o ap @J -
96 T B g |(BP% ) o T (207~ 1.) 3¢ (pwz+qyz)a£ V: e+ 5¢| (C-29)

Equation (1-96) defines the output of a normal accelerometer aligned with the z body axis but not located
at vehicle center of gravity, ani. This equation is used to determine the generalized derivative of ap ;:

ﬂ;_;ﬁ = % + glo [(2pzz - rz;) % + (292 — ry;) g—g - (pz2 + q¥2) g% ~Y: Z—? +z, gg—]
In equations (C-20) to (C-23), the partial derivatives of the vehicle rotational rates with respect to the
dummy variable ¢ are defined by equations (C-1) to (C-3). The partial derivatives of the outputs of the
body axis accelerometers at the vehicle center of gravity are defined by equations (C-16) to (C-19). In these
equations, as before, the subscripts z, y, and z refer to the z, Y, and z body axes, respectively, and the
symbols z, y, and z refer to z, y, and z body axis locations of the sensors relative to the vehicle center
of gravity.

(C-26)

Using cquation (1-97), the generalized derivative of the load factor can be defined as

om) _ 1 o1
W = mg OF (C-27)

Equations (1-98) to (1-105) define the air data parameters of interest for this report. These equations
are used to determine the generalized derivatives of the air data parameters:

oa) _ 0.7p0 T
98 poTo[1.4(po/poTo)]/* O€

OM) _ 19V _V da
¢ a4 0  a® O (C-29)

(R LoV ViEo \ )
ﬁ:e__Jr__P_ﬂ_Q_ﬂ , (C-30)

(C-28)

o¢ p 06 p 98 u? O
o) _pov Voo gV ou |
T T TR T (C-31)
929 _ OV _ V2op

o "V e T T o (C-32)



[(1.0 + 0.2M2)35 — 1.0] %%Q

+ 1.4M(1.0 + 0.2M2)25p, %1\34_ (M < 1.0)

2 2.5 aa
%C) _ [1.2M2(5'_65-A;_g]l_4m) _1.0]7)8{ (C-33)

2.5 1.5
_5.76M2% 2 M)
+Pa {2'4M (5.6M2 - 0.8) +3.0M <5.6M2 — 08

[("569—M221§%"§)7] %Ag} (M >1.0)

\

1.4M(1.0 + 0.2M2)25 %1‘31 (M < 1.0)

9(qc/pa) _ { 5.76 M2 )2'5 2< 5.76 M2 )1'5
o =1 XM (5o —os) T3IM(5eir-0s (C-34)

9.216M oM
~ [(?WTS)?]} K3 (M > 1.0)

o) _ 2y 0T oM .
e = (L0+02M%) T0 +04TM ¢ (C-35)

In the preceding equations, the generalized derivative of Mach number appears several times. This term
can be expanded using equation {C-29).

The definitions of the flightpath-related parameters are presented in equations (1-106) to (1-108). These
definitions are used to derive the generalized partial derivatives of the flightpath-related parameters:

o) _ __ 1 [ hav ok _
o€ = (VI [ vaet as] (G36)
d(fpa) 18V
= =-27 C-37
¢ g 0¢ (G317
a(h) _ . o¢
9 - [—ayx cos pcosb + a,) sin ¢ cos 6] 7€
. . . 00
+ [ag x cos@ + a, x sin ¢sin 6 + a, x cos P sin 6] 5
. 8az,k o aa’y,k _ 6az,k
+sin 6 9 sin ¢ cos 8 9 cos ¢ cos § 2 (C-38)

The partial derivatives of altitude rate h and velocity rate V that appear on the right-hand side of these
equations are defined in equations (C-13) and (C-7), respectively. The partial derivatives of the body axis
accelerations appearing in equation (C-38) are defined in equations (C-16) to (C-18).
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Using equations (1-109) and (1-110), the generalized derivatives of the énergy-related parameters are
defined. The partial derivatives of altitude rate and velocity rate appearing in equation (C-40) are defined
in equations (C-13) and (C-10), respectively:

O(E) _V OV 0h
06— g 9 "
dP) VOV Vv ok

& “goEtsoe o (G40

(C-39)

The derivatives of the force parameters, lift (eq. (1-111)) and drag (eq. (1-112)), are defined in sec-
tion D.1. The generalized derivatives of the normal force (eq. (1-113)) and the axial force (eq. (1-114)) are
presented in terms of the generalized derivatives of the lift and drag forces:

oN) _ oL . 9D . Ja
o = cosa—aé +sma—-8§ —(Lsina Dcosa)% (C-41)
94) _ . 9L oD . Oda

9% = sma—af-f-cosa——af (Lcosa+ Dsina) % (C-42)

The body axis rates are defined in equations (1-9) to (1-11). The time derivatives of these terms are
defined in equations (1-115) to (1-117). These equations are used to derive the generalized derivatives of
the body axis rates and accelerations:

9(u)

—=- = cosacosf3 @/— —Vsinacos 6_a —V cosasin 8

D€ a¢ D¢ Eq3 (C-43)
aéz) = sin g%g+vcosﬂ% (C-44)
Q% = sinacosﬁ%—Z+Vcosacosﬂg—g—VSinasinﬁg—? (C-45)
‘9;2‘) - %(%-cosa%—?ﬂina‘;—?) -Vsinacosﬂg—g+vsinﬂ§—2
+(rsinﬂ—qsinacosﬂ)%—+ [%(Dsina+Lcosa)—chosacos,B] %‘g
+ (rV cos  + qV cos asin ) ‘g—? _ gcost g—g (C-46)
0 LB, 0 iy 2y macens 2
+(psinacosﬂ—rcosacosﬁ)%—‘g+(chosacos,3+erinacosﬂ)g—?
—(stinasinﬁ—erosasin/)’)g—?+gcosecos¢g—?—gsin95in¢g—g (C-47)
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d(u')) (65’1‘ sin o oD _ cos o Q£> ﬂ 3

D€ D¢ o€ B¢ +Vcosozcos,365

£
, ov 1 . . da
+ (g cos acos 8 — psin §) —G—E_ [;(Dcosa — Lsina) +qumacosﬂ] 3¢

00

5 (C-48)

— (q¢V cosasin +chosﬂ) 3_5 — gcosfsin ¢ 8? gsinfcos ¢ —
The outputs of various instruments displaced from the vehicle center of gravity are defined in equa-

tions (1-118) to (1-121). These equations define angle of attack, angle of sideslip, altitude, and altitude rate

instrument outputs. The generalized derivatives of the quantities are based on these equations:

0(ei) _ _Ya Op , Ta Og _ (qxa—pya) 8V | da y
9 VvV a§+ V o€ V2 9t T B¢ (C-49)
9(B;) _ _zs 0p  mg Or (rzﬁ pzp) ov 9B -
9 - vVoeTva \"v ) Ta (C-50)
O(hi) _ ) d¢
—-——-af = (—yn cos ¢ cos O + zp sin ¢ cos §) 9%
+(p cos 0 + yh sin ¢ sin 6 + zj, cos ¢psin §) £ + g—g (C-51)
3(3’21') - [q‘S(yh sin ¢pcos @ + z; cos pcos ) + B(yh cos Ppsin 8 = z; sin Psin B)] g—?

. . y
+ [— 6(z;, sin 6 — y;, sin ¢ cos 8 — z;j, cos ¢ cos 0) + $(y;, cos psin & — zhsin¢sin0)] gz

— (y;, cos $ cos 6 — z; sin ¢ cos 6) %—2—5 + (z},cos 8 + y; sin #sin 6 + z; cos ¢ sin §) g%

dh

= C-52
+ ¢ (C-52)
The generalized derivatives of bank angle rate, pitch attitude rate, and altitude rate with respect to the
dummy variable £ are defined in equations (C-10), (C-11), and (C-13), respectively.

The final set of observation variables is defined in equations (1-122) to (1-125). These equations, defining
total angular momentum and the stability axis rotational rates, are used to determine the generalized
derivatives of these quantities:

Qg—) = (Ip — Inyq —Ixzr) 5% D o (Lyg—Lyp - Iyzr) 3¢ L+ (Lr = Lap - Izq) g‘g‘ (C-53)
3((91;) - cosa gg +sina Z_g (psina — rcosa) %‘g— (C-59)
Qgé_s)_ _ g_g (C-55)
%) a0 2 s o 4 (peosarine) 2 (@
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APPENDIX D—EVALUATION OF DERIVATIVES

The generalized partial derivatives presented in equations (C-1) to (C-56) contain partial derivatives of the
state variables, thrust forces, and total aerodynamic forces and moments with respect to the dummy variable
£. In this appendix, these partial derivatives are defined with respect to specific state, time derivatives of
state, and control variables. The derivatives of atmospheric parameters are also discussed.

D.1 Preliminary Evaluation

First, the partial derivatives of the state variables with respect to the state, time derivatives of state, and
control variables are considered. All partial derivatives of the state variables with respect to the state
variables are either equal to zero or unity. Thus,

Op _0qg_0r OV _0a_ 08 _0¢_00_0y 0h_0v 9y (D-1)
dp dq Or OV Oba 9B 09 09 Oy Oh 9z  dy
and all other derivatives of state variables with respect to state variables are equal to zero. The partial
derivatives of the state variables with respect to the time derivatives of the state variables (& and 8, in
particular) are equal to zero. This is also true of the partial derivatives of the state variables with respect

to the control variables.

Second, the partial derivatives of the aerodynamic forces and moments with respect to the state, time
derivatives of state, and control variables are evaluated. Using the definitions of the force and moment
coeficients presented in appendix A, the partial derivatives can be explicitly evaluated in terms of the
stability and control derivatives.

D.1.1 Rolling moment derivatives.—

g_ﬁ = qzsxi Ctp (D-2)
% = S o =
g‘f = %@icb (D-4)
-g-é— = SbpVCy+ 7SHCy, (D-5)
g—ﬁ = GSbCy, (D-6)
g_; = gSbCy, (D-7)
%}% = %Sl)V?’Cg g—z + §SbC, (D-8)
%ﬁ- = T (D-9)
Z—g = 525—50% (D-10)
g—i = gSbCy, (D-11)
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D.1.2 Pitching moment derivatives.—

oM
dp

oM
0q
oM
or
oM
v
oM
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oM
B
oM
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oM
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oM
B5i

gSbe
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gse
5y Cma
G5eCrm,

%saﬂcm %’; + §SeChm,,
gse?

2V Cma

gsbe

V1% Cmj

= 45EChm,,

D.1.3 Yawing moment derivatives.—
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9q
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B
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v
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o
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B
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&
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ap
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Dsi

q5b?
2V Cn
q5be
2V Cna
GSb?
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SbpVCp + @SbCh,

qsoC,,

gSbCh,

L2~ 0P
550V*Cr o + 4SHCo,
Gsbe

a7 Cra

gSh?

2V "B

= 75bCn,

(D-12)
(D-13)
(D-14)
(D-15)
(D-16)
(D-17)
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(D-19)
(D-20)

(D-21)

(D-22)
(D-23)
(D-24)
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(D-27)
(D-28)
(D-29)
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D.1.4 Drag force derivatives.—

g, (032
%_lq) - %%E b, (D-33)
%_1: - %CD.- (D-34)
aD _

WS SpVCp + ¢SCh,, (D-35)
% = QSCDQ (D_BG)
g_g _ 25Cb, (D-37)
%% = %SVQCD -g% +§SCp,, (D-38)
%g _ %‘5;75013& (D-39)
%1‘; _ % b, (D-40)
?95 e (D-41)

D.1.5 Sideforce derivatives.—

5 = Doy, (D-42)
%15_ _ ?;V—Ecvq (D-43)
%—1: = %Cy, (D-44)
Y _

57 = SPVCy +35Cy, (D-45)
% _ gSCy. (D-46)
g_’ﬁ" = g8Cy, (D-47)
—06% = %SWCY g—z +3SCy, (D-48)
?9_1; = %CY& (D-49)
(Z_; = q;—f/bcyﬁ (D-50)
% = gSCy,, (D-51)
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D.1.6 Lift force derivatives.—
oL qSb

oL _ 499 D-52

ap 2V Cr, (D-52)

oL  §Se

oL _ go¢ D-53
3¢ = 2v Cle (D-53)

oL @Sb

gr _ 1929 .54
or 2V CLr (D-54)

O _ spven +3scu, (D-55)

1%

%E = ¢5CL, (D-56)
o

oL

95 = 95CLs (D-57)

OL 1. .,., 0p _

a—h = 2SV CL 5}; + qSCLh (D—58)

oL _ gSec

a6 = 2v Cla (D-59)

aL _ g5b

O _ zscu. (D-61)

Osi ‘

Next, the partial derivatives of the powerplant-induced forces and moments with respect to the state,
time derivative of state, and control variables are considered. The partial derivatives of the powerplant-
induced forces and moments are assumed to be zero except for moments taken with respect to the body
axis rates (p, ¢, r), moments and forces taken with respect to the velocity and velocity orientation terms
(V, @, B), and forces taken with respect to the control variables. These terms, assumed to be nonzero, are
taken as primitives and not evaluated further. Thus, using F}, to represent a powerplant-induced force (XT,
Y, and Zt) and M, to represent a powerplant-induced moment (LT, Mt, and Nt),

oF, OF, 0F, 0F, 0F, 0F, 0F, 0F, 0F, 0 (D-62)
dp =~ 8¢ ~ Or ~ 08¢ 08 ~ 9y Bk Oz Oy )
OMp _ OMy _ OMy _ OMp _ OM, _ 0M, _ OM, _ 0 (D-63)

o 96 ~ 9y _ 9k oz dy 06

d
o OF, 8F, 0F, OF, oM, OM, OM, dM, dM, _ . OM,

oV’ Ba’ 0B 08’ dp ' B or ' oV’ da " 9B
are taken as primitives and not evaluated further.

The final set of partial derivatives to be discussed are the derivatives of atmospheric parameters with
respect to the state, time derivative of state, and control variables. In this report, all atmospheric parameters
are assumed to be functions of altitude only. Thus, except for

T 0p Ou Op.

an ok an M an
all derivatives of ambient temperature, density, viscosity, and ambient pressure are assumed to be equal
to zero. The nonzero quantities listed previously are dependent on an atmospheric model. Clancy (1975),
Dommasch and others (1967), Etkin (1972), and Gracey (1980) present discussions of atmospheric models.
In this report, the quantities will be taken as primitives and not evaluated further.
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D.2 Evaluation of the Derivatives of the Time Derivatives
of the State Variables

The generalized derivatives of the time derivatives of the state variables are defined in appendix C, equa-
tions (C-1) to (C-15). In this section, these generalized derivatives are evaluated in terms of the stability
and control derivatives, primative terms, and the state, time derivative of state, and control variables. In
this section, the notation 8(%;)/0z; is used to represent the more correct notation 9f;/dz; that is employed
in the discussion at the beginning of section 3. This notation is used because there is no convenient no-
tation available to express these quantities clearly—particularly not the usual notation employed in flight
mechanics texts such as Etkin (1972) and McRuer and others (1973). The notation that defines quantities
such as L, = 9(p)/0p and My = 8(¢)/0q is misleading in this context because the definitions of those terms
(such as Ly, M,) are based on assumptions of symmetric mass distributions, symmetric aerodynamics, and
straight and level flight, and additionally do not include derivatives with respect to atmospheric quantities.

D.2.1 Roll acceleration derivatives.—

o(p) _ 1 [asb i, dLr OMr 0Nt
ap det 7 |2V (IbCe, + L,ECr, + I35C,) + 5 + ap + ap
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o(p) 1 'ch _ 0Lt OMrtr ONT
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o(p) 1 'qu 0Lt OMr ONt
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a(p) 17 _ _ i}
W " detl LSY(pVoCy + GCe, ) + I;SE(pVoCrn + G0y )
' _ oLt OMr ONT
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o(p 1 L IM ON
% o [qS(Ile[a + I2CCma + I3ana) +1; —a—T + I —— £ + I3 aaT] (D-GS)
a(p 1 oL oM ON
3(%)— d——- [qS(Ileeﬂ + Izécmp + I3bcnﬁ) + I aﬂT + I 8,3T + I3 8ﬂT] (D-Gg)
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a(fs) 0 (D-70)
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{(910;) 0 (D-71)
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2z~ °

o) _

dy

a(p 7S¢

gg) = 2Vz 7 (18Ce, + BECm, + IHC,)
a(p qSh

a(g) - Wz 7 (115Ct, + LpECm, + I5bCr,)
a(p) 4GS

WD) = B (RbC, + TitCmg, + IbCrg)

D.2.2 Pitch acceleration derivatives—
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a(g!) 2V§d —(12bCt; + LiZCrm, + I5bChy)
a(4 35b

;g) - 2VZd —(DbCe, + L&, + I5HCry)
oz

0(;’) o I(Igb6'46 + LieCrmy, + Is0Cn,,)

D.2.3 Yaw acceleration derivatives.—

o) _
9p

o()
0q

(7)
or

o(7)

o(r)
da
()
op
()
¢
a(r)
a6
a(7)
Y
o(7)
Oh

o(7)
Oz
a(+)

(I3bC'lp + ISCCmP + IGanp) + I3

1 [qu
T det]

- QPO(IzzIS - IzyIG) + QO(Ia:zIB - IszS - DzIG) -
oLt OMr

1

gSc
detll q (I3bCeq + IseCpm, + I60Cy,) + I3

gSb
w7l q sy IsbCe, + IsCrm, + IgbCr,) + I

0Lt oMy

ONT

LAy

op op

I
+68p

To(IzyI3 + Dyfs

ONT

+Is

Jdq 0q

Ly oM

I
+68q

ONT

3“53

+ I 5

pO(IxyIS + DyIs — I, Ig) — qo( DIz — Inyls + I, 16)

— 2ro(L,a s Izzfs)]

8LT
;1%

GS(I3bCe, + IseCrm, + IsbCh,) + I3

+ IGSb(pVOCn + anv) + I3 5+

aMT ONT

Is —
LT oM~

av Tl 5y

da
0L OM~

7S (IsbCyy + IseC, + L6bCop) + I3

det T oh

dp
+ Isb( VEc, 55t qcn,,)]

B

op

M 0 1
|1t (3% Ce o + 0, ) + 1s2(3VECm 5 +Com)

.
- Isz6)

+ pO(IszS - IszS - DzI6) + 2QO(IszS - Isz6) - TO(DxIS - IxyIS + Ia:zIG)
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0(7‘) = g5¢ (IgbClg, + ISECma. + IGbC"é-)

da — 2Vpdet [

a(+) _ gSb i

s~ 2V dot 71125C% + 158Com, & LebCny)
o) _ as

26 = det](];-;bC[J‘ + ISECma', + ‘[6an6,')

D.2.4 Decoupled roll acceleration derivatives.—

a(p) _ 1 [gSb? 0Ly
_ap = 2 Cep + W - IxyTO + I:czQO]
ap)  1[gSbe oLt
—87 = E ‘E‘ZC@ + Fq— + Ir.po + 2Iyzq0 + TO(IZ‘J - Iz)]
ap) _ 1[gSsb? OLt

5y = L -Q—-VO—CZ, + 9y~ ‘evPo +qo(ly — I.) - 213/27'0]
ap) _ 17 - dLt
T _Sb(pVoCe +3Cr) + W]

o) _ 1 <_ 3LT)

da I, 456Ce, + da

ap) 1 (. dLt

B5 = 1 (19%Cu+ 57)

oap) _

o¢ 0

ap)

o8 =

o)

9 =0

a(p) Sb /1 dp

—-—(fl) = Z (§V02C£ '5% + qC'l,,)

ap) _

Bcp =0

ap)

Jdy fo

8(;13’) _ gShe

o 2Vpl, ‘e

ap) _ GSb?

08 2ol ‘b

a(p') _ gsh
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D.2.5 Decoupled pitch acceleration derivatives.—

ad) _
op
a(d)
0q
a(d)
or
o(g)
ov
o(d)
da
o(d)
oB
a(d)
0¢
ad')
00
o(d)
0
o)
oh
o(d)
Oz
(%)
dy
o(d)
da
od)
ap

06;

1 [gSbe oMy ]
Iy [ 2V0 C + _a;:‘ - 2Izzp0 - Iyqu + 7'O(Iz - I:c)
1 Sé?

i (q c Cm, + +Ixy7'0 Iyzpo)

Yy

1 [¢gSbe

I_ [ ccmr + + pO(I ! ) + Ixyqo + 2-[1‘27'0]
y

1 oM

F [Sc(pvoc +Cmy) + 5|

1 /7., oM~

I, (chCmq + 50 )

1 /_ ._ aMT)

Iy (qSCCmp + (')ﬂ

0

0

0

S¢ (1., Op )

7 (5% Cn g + 2,

0

an2

QVon

GSbe

VoI, T4

ase,

D.2.6 Decoupled yaw acceleration derivatives.—

o) _

Op
()
0q
()
“or
a(+)
ov

1 gSb? AN
Iz [ 2VO C np + a + 2Iwyp0 + qo(Ix — Iy) + IszO

1 Sbe

I_ [q c +P0( Iy) - 2I:cyqo - IszO]
1 Sb2

};’ (q —— — {2200 + IszO)

1 ONT

= 7 [Sb(pvocn +4Cn) + 1]
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o) i(- BNT)
0a I, 756Cn, + da
") i(- 6NT)
95 " I quCnp-I— o5
o) _

2¢ =0

o) _

a0 =0

o) _

oy

o) _ Sbrl .. Op
oh = T, ( VOC"a_h”C"h)
o) _

oz 0

o) _

oy 0

o) _ asb

8a ~ 2VI, ™

o) _ 4 ,

0B 2Vl b

() _ gSh

06; I, Cn&"

D.2.7 Total vehicle acceleration derivatives.—

) _

gSb .

2LV0—n;(_ cos o Cp, + sin fo Cy,)
gSe .

2%/% ~ c0s o Cp, + sin o Cy, )
gSb

Wom '\~ cos o Cp, + sin By Cy,)

1

m

'
— 8 cos Bo (pVoCp + GCp, ) + S'sin Bo (pVoCy + GCY,)

0XT . Z1 . oYr
£ + sin ag cos Gy YA + sin By 8_V]

+ cos ag cos By

0Xt

— g8 cos By Cp,, + @5 'sin Bo Cy, + cos ao cos fo

3~

Ja

Y-
+ sin g cos fy %ZTT + sin Bg % — X7 sin ag cos fg

+ Z7 cos ag cos By + myg(sin 8, sin g cos By + ¢os fg cos o cos ag cos ,Bo)J
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(D-145)
(D-146)
(D-147)
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(V)
K2

a(V)
06
(V)
96
(V)
2
a(V)
“Oh
(V)
Oc
a(V)

8(V)
oo
V)
0B
B(V)
98,

1
oy [ch(— cos Bo Cp, + sin Bo Cp + sin fo Cyp + cos (g Cy)

X
+ cos ag cos Bg——— a8 +smaocosﬂo 6,@ +sx ﬂg

— X sin By cos ag — Z7 sin g sin By + Y cos fBo

0ﬁ

+ mg(sin 8y cos ag sin By + cos O sin ¢g cos P — cos by cos ¢g sin ap sin ﬁo)] (D-159)

g(cos by cos g sin Bg — cos O sin ¢g sin ag cos Fo)

g(— cos fo cos ao cos fo — sin o sin o sin Fo — sin o cos ¢ sin ao cos Fo)

0

% [“ cos fo (%VOzCD SZ + qCD") +einfo (%VO?CY 3Z ' qu,,)]
0

0

2_‘?% ~ ¢0s ffo Cp, + sin Bo Cy,)

% — c0s B0 Cp,, + sin fo Cy,)

-G .
gn_:a—(_ cos B C’DJ', + sin Bo CY;-)

1 0X 0z
+ p— (cos agp cos fo—— 3 6 ﬂo + sin ap cos fg 5 6:[‘)

D.2.8 Angle-of-attack rate derivatives.—

a%()z) = 2v2:zscl;s Byl tamfocos a
aé(;) = —2V02gzsccos Bo €L, +1.0
3;?) - _ 5772 gfcl;s B CL, — tan fBpsin ag
+ —%[—qSCL + Zrcosag — XTsinag

+ mg(cos g cos ¢ cos g + sin by sin ao)]}
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q
o) _ 4

a(a) 1 i 021 . 3XT .
A S . S _ p ¥
Do mVo cos o [qSC’La cos ag - + sin o B + Zrpsinag + X cos ag

+ mg(cos 8o cos do sin ag — sin b cos ap)

+ tan By (po sin ag — rg cos ao)}

d(a) 1 {_ _ 0Zt1 ) 0XT
r —m g5CL, — cosag ¥ + sin ap 5
—tan B [—gSCL + Zt cos ap — X sin ap
+ mg(cos 8y cos ¢g cos ag + sin Gy sin ao)]}
— (pocos ag + 7 sin ag)
cos? By
a‘gg) = _Vo cf)s 7o cos Gy sin g cos ag
ag;) = -y cf)sﬂ (sin B cos ¢p cos ag — cos b sin ap)
o o
9(&)
22
P
0(a) S 1o, Op  _ )
dh —  mVpcos By (2V° C, oh +aCL,
a(é)
Oz 0
(&) _
Ty =0
o(a) ___gSe
oa — Vim cos By e
3(&) - _ qSh L.
%] 2V@mcos By 8
o(a) _ 1 _ 0Zy . aXTJ
8;  mVycos By [—qSCL"' oo 85, st ao 5;

D.2.9 Angle-of-sideslip rate derivatives.—

0(6 Gsh ,
—?gs—) = 2—3/—025(sm Bo Cp,, + cos fo Cy,) +sinag

(b

~—

]

gSe .
2%,—2m(sm Bo Cp,, + cos By Cy,)
0

Sb
= QLV'*’E(SHI Bo Cp, + cos By Cy, ) — cos ag
0
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ov
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da
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. oXt . i o7
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1 ) ]
- W[Q_S(Sm Bo Cp + cos Bo Cy) — X1 cos ag sin fo

+ Y71 ¢0s Bo — Z7 sin ag sin Fo]

0Xt
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0

. i 0Zr . . .
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da
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— cosag sin Bg — — sin ag sin B ——

X Zn
a5 T cosfo 57 aﬂ 95

— X7 cosagcos By — Yt sin Bg — Zt sin ag cos fy

+ mg(sin g cos g cos By — cos Bg sin Pg sin Bo — cos by cos ¢ sin ag cos ﬂo)}

-“—i—(cos B0 cos ¢ cos B + cos b sin ¢g sin ag sin Fo)
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%( cos g cos ag sin By — sin b sin ¢g cos G
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+ sin g cos ¢ sin o sin Fy)
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dp
an qC‘D,,) + cos fo < VOZCY T qu,,>]

S . 1 2
Ve [Smﬂo (5‘/0 Cp 7

2V2 (Sln Po Cp, + cos fo Cy,,)

(sm Bo CD + cos fBg C'y )

2V0
= L [qS(sm Bo Cp;, + cos By Cy,. ) — cos ag sin ﬂo 0s (o —a——}-
mVy & & 96 046;
— sin ag sin 3 aZT]
0 0 55,

(D-187)

(D-188)

(D-189)

(D-190)

(D-191)

(D-192)
(D-193)
(D-194)
(D-195)
(D-196)

(D-197)

(D-198)

61



62

D.2.10 Roll attitude rate derivatives.—

a(4)
B
99) _ sin ¢ tan fo
0q
M = cos¢gtan by
or

() _

v ="

d9) _

Ba "

¢)

i

% = go cos ¢p tan fy — 7o sin ¢ tan Gy
%(gl = gosin o sec” 6 + rg cos o sec’ o
8(4) _

% O

¢ _

E

9(¢) _

9z 0

() _

By =0

(P _

B "

M =0

a8

() _

5 "

D.2.11 Pitch attitude rate derivatives.—

8(h) _

op
%z) = cos ¢y
a(6)
or
a(h) _

v 0

= —sin¢g
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a(6)

20 _o (D-218)
%&gl —0 (D-219)
%’3 = —qosin ¢g — 7o cOs Py (D-220)
%(_Z_) - (D-221)
5:9(_$ —0 (D-222)
%‘;) — 0 (D-223)
% ~0 (D-224)
%{j) — 0 (D-225)
‘96(2) —0 (D-226)
a0) _ (D-227)

B
%%) =0 (D-228)

D.2.12 Heading rate derivatives.—

%{’) -0 (D-229)
Q(%? = sin ¢p sec b (D-230)
) cos osecto (D-231)
3(9(_‘%) -0 (D-232)
_6_(%? -0 (D-233)
%ﬁ’) -0 (D-234)
%f) = g cos ¢ sec B — rosin go sec fo (D-235)
-3—5()? = gosin ¢o sec o tan g + 1o cos o sec b tan by (D-236)
%f) — 0 (D-237)
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o(¥) _
B O
o)
oy 0
a(4)
oc
(%)
P
a(4)

25, = U

D.2.13 Altitude rate derivatives.—

a(h)
Op
8(h)

dq
a(h)

2
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(i)
v
a(h)
Oa
a(h)
B
(k)
06
(k)
6
(k)
0%
d(h)
Oh
o(h)
oz
a(h)
y
a(h)
B
a(h)
5

= sin g cos Fo cos ag — sin P cos O sin By — cos ¢ cos by cos Bg sin ag

—Vo(cos Bg sin ag sin 8 + cos Bo cos o cos ¢g cos )

—Vo(sin Bo cos ag sin 8y + cos Bo sin ¢g cos By — sin By sin g cos ¢g cos 6o)
—Vo(sin Bo cos ¢g cos 6y — cos By sin ag sin @ cos o)

Vo(cos By cos ag cos By + sin g sin $o sin by + cos By sin ag cos g sin o)

0

oh) _

06;
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D.2.14 North acceleration derivatives.—

0) _

D.2.15 East

9(3)

0
0

0
cos (g cos g cos B cos o + sin By (sin Pg sin g cos P — cos P sin g
+ cos By sin arg (cos ¢y sin By cos g + sin Py sin 1)

Vo[ cos Bo cos ag (€os ¢ sin fp cos 1o + sin @g sin ) — cos Bo sin ag cos g cos o)
Vo[ cos Bo (sin ¢g sin g cos g — cos g sin 1)g) — sin Bg cos ag cos By cos g

— sin Bo sin ag (cos ¢g sin g cos g + sin @ sin )]
Vo[ sin Bo (cos ¢ sin fg cos g + sin @ sin 1)

+ cos B sin e (cos ¢g sin g — sin ¢g sin g cos 1))
Vo('sin Bg sin ¢g cos Oy cos g — cos Bg cos ag sin Gy cos g

+ cos fg sin ag cos ¢g cos b cos o)
Vo[ — cos Bo cos ag cos b sin 1)g — sin Bg (sin ¢ sin O sin g + cos ¢g cos 1p)

— cos fo sin ag (€os g sin G sin o — sin Pp cos Py )]

acceleration derivatives.—
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=0

=2/ =
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—=Z£ = cos fp sin ¢ cos fg cos ag + sin By (cos Pg cos g + sin Pg sin fg sin )

%
+ cos fBg sin ag (cos ¢g sin g sin g — sin ¢g cos Pg)
?Eg—z) = Vo[ cos Bg cos ag (cos ¢g sin g sin g — sin ¢g cos o)
— cos [ sin o cos b sin )
3@(;) = Vo[ cos Bg (cos ¢ cos g + sin ¢g sin b sin 1p) — sin By cos ag cos b sin g
— sin By sin ag (cos g sin Gy sin 1P — sin ¢ cos 1))
Q%l = Vo[ sin Bo (cos ¢ sin by sin 1o — sin ¢ cos 1g)
— cos S sin g (sin ¢g sin G sin g + cos o cos )]
a—a(-g—) = Vp( sin: By sin ¢g cos g sin g — cos Bg cos ag sin g sin g
+ cos Bg sin ag cos ¢g cos g sin Pg)
—aéi) = Vo[ cos Bo cos ag cos b cos 1o — sin Bg (cos o sin 1o — sin g sin O cos o)
+ cos fg sin ag (cos ¢g sin by cos g + sin o sin )]
o(y) _
an =0
o(y) _
0r 0
(y) _
oy 0
o(y) _
26 =0
o(9) _
op
ay) _
a6 = °

D.3 Evaluation of the Derivatives of the Observation Variables
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(D-277)

(D-278)

(D-279)

(D-280)

(D-281)
(D-282)

(D-283)
(D-284)
(D-285)
(D-286)

(D-287)

The generalized derivatives of the observation variables are defined in appendix C, in equations (C-16) to
(C-56). In this section, these generalized derivatives are evaluated in terms of the stability and control

derivatives, primative terms, and the state, time derivative of state, and control variables.

D.3.1 Longitudinal kinematic acceleration derivatives.—

d(ay gSb :

(;p,k) — 21/(§)gom(_ cos ap Cp,, + sin o CL,,)
3(59;“) = Q‘stm(_ cosag Cp, +sin g CL, )
a(az,k) _ gsb

o = Wegem (= cosag Cp, + sinag CL,)
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a_(g%ﬁ = g_lZ{ [—S cos g (pVoCp + GCp, ) + Ssin ag (pVoCL + GCL, ) +

0

X
M = L {th[— cosap (Cp, — CL) +sineg (CL, + Cp)] + —T}
Oa gom da
a(ax,k) . 1 aXT}
98 " zom [qS(— cosap Cp, +sinag Cr,) + 38
6(a$;k) = 0
0¢

INazx) g
55 = . cos @
6(ua:,k) _
W =90
0(ay, 1 ap . dp
___(ahk) = go—m[— cos o ( SVE CDah + qSCD,,> + sin ap ( sSVg CLah + qSCLh)]
dazx)
o5 0
azx) _
—go = 0
3(;2)() = 2‘;1;;"1(— cosap Cp, + sin ap CL,, )
6(;;k) - 2‘2;2((:’"?’(— €08 (g CD‘-S + sin g CLp)
d(ay, 1 120.¢
(;5,k) = prve [qS(— cos ag Cp,, +sin @ Cu,, )+ aaT]

D.3.2 Lateral kinematic acceleration derivatives.—

a(ay,k) _ qSb

p  2Wogom *
Bay) _ _aSc

8qg ~ 2Wpgem °
0(ayx) _ q5b

or - 2V0g0m Yr
d(a, 1
—‘——(gij/,k) = M <SPVOCY + q_SCYV +
8(ay,k) _ 1 (

0a ~ gom 15Cya +
O(ayx) _ 1

B gom ( 15Cy, +
__6(;:;1() = ;]—Ocos 6o cos ¢o
———B(SZ’]{) = _gi sin g sin ¢g

o

O(ayx) _

oy O
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da
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)
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3_(%_,1(_) — 0 (D-313)
59% -0 (D-314)
8(;2,1{) _ 2Vi§§mCY"’ (D-315)
3(;2,k) - quismcyb (D-316)
2 oo )

D.3.3 Z-body axis kinematic acceleration derivatives.—

?‘(g;f’k) = —%(sin ap Cp, + cosap C,,) (D-318)
&;Zlﬁ = - 2‘;I;g(;n(sin ao Cp, + cosag CL, ) (D-319)
a(g:k) - qubg; :m(sin a0 Cp, + cosag C1,) (D-320)
8(;;/#) - _;El_ S'sin ap (pVoCp + ¢Cp, ) + S cos ag (pVoCL, + §CL,, ) — 88? (D-321)
3(;;,k) = "gTS—[Sm ap (Cp, ~ CL) + cos ag (CL, + Cp)] + Olm aaZaT (D-322)
8(;21«) _ _E(;__(sm a0 C, + cos g Cip) + golm 88Zﬂ"r (D329
a(;;k) = ‘g%cos 8o sin o (D-324)
8(32"‘) = '“;g;Sin B0 cos g0 (D-325)
Q_(g;_,k) =0 (D-326)
3(;;1() - _5037; [sin ap < =SVECp gh + qSC’Dh> + cos ap ( SV CL 7 Ly qSCLh)] (D-327)
%ﬁ =0 (D-328)
é)%%ﬂ =0 (D-329)
3((;1;,k) - - Izj(fm (sinap Cp, + cosao C,) (D-330)
8(;;k) - - ‘Z“Z:m(sin a9 Cp, + cos aq C1,) (D-331)
8(gg;k) _ _golm [q-S(sin o Cp,, + cosap Cy, ) — %%r] (D-332)



D.3.4 x body axis accelerometer output derivatives.—

ag;m) _ 2‘Z§sm(_ cos ag Cp, + sin o CL,)

35;;) _ 21?;:m(_ cos ag Cp, + sin e CL,)

af;:) = QV(Zsm(— cos ap Cp, + sinog CL,)

% " gom [ § cos ag (pVoCp + Cpy ) + Ssinao (pVoCL + 4CLy ) + 37+
?_g;x_) — p 1m {qS[— cosag (Cp, — CL) +sinag (Cr, + Cp)] + ——
%‘Z) = L [qS(— cos &g Cp, + sin g CL,) + a;?]

5.

o

((9%;) = 0

ath’”) - %% [ — cos ag (%SV(?CD gz + qSC’D,,) + sin o (%SVO?CL
e,

5 =0

8((;;) — ng;ifm(- cos ag Cp, + sinag CL,)

ag,g’) = 2Iz)§:m(— cos ag CDB + sin ag C'Lé)

Q(%%j_) = golm g5 (— cos ap Cp,, + sin g CLy, ) + 88.5;1*

D.3.5 y body axis accelerometer output derivatives.—

ay)  §S5b

Op ~ 2Vphgom Yo
O(ay) @S¢

ﬁq - 2VngmUYq
Nay)  §S5b

ar  2Vogom T
Oay) 1

ov - gom

+ qSCLh>]

(se¥eCy +a5Cv, + G

(D-333)
(D-334)
(D-335)
(D-336)
(D-337)
(D-338)
(D-339)
(D-340)
(D-341)
(D-342)
(D-343)
(D-344)
(D-345)
(D-346)

(D-347)

(D-348)
(D-349)
(D-350)

(D-351)
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oay) _ 1 (qSCYa N 3_Yz> (D-352)

da gom da
Bk = L (asov, + 21 (D-353)
%—) ~0 (D-354)
9(5(;7—) —0 (D-355)
%‘;L) -0 (D-356)
‘9(3—“;)- = %1; (%Svgcy g% + (jSCYh> (D-357)
% =0 (D-358)
Nay) _ g (D-359)
Ay
6((?2,) - ‘zjgmcyd (D-360)
%Q = ngm- (qscyéi + %—)g—) (D-362)
D.3.6 z body axis accelerometer output derivatives.—
85;;:) = —2£§:m (sin ag Cp, + cosag CLp) (D-363)
a(;;’) = —2£§:m(sin a0 Cp, + cos ap CL,) (D-364)
%‘?—) = —%g—-n;(sin ao Cp, + cosap C1,,) ‘ (D-365)
% = —gol—m [s sinao (pVoCp + 4Cpy) + § cos a0 (pVoCL + 4CL, ) — %%1] (D-366)
3‘(;;;) = _—goim {(jS[sin a0 (Cp, — CL) + cosag (Cy, + Cp)] — %Zg} (D-367)
(9_((?(16_2) = _ngm— [(jS(sin oo Cp, + cosag Cp,) ~ %—Z;—} (D-368)
3_59% -0 (D-369)
% =0 (D-370)
%f;) =0 (D-371)
% - —50% [sin a0 (%SVOZCD % + qscD,,) + cos ag <%SV020L g—z + qscL,,>J (D-372)



az) _ | (D-373)

oz
6_%) _ o (D-374)
32‘2) - 213;*; (sinao Cp, + cosap L) (D-375)
Q%‘;L) - —2‘ngm(sinag Cp, + cos ao CL,) (D-376)
6;—‘;?—) = -—E;J% [qS(sm ag Cp,, + cosag CLy,) — aai:r] (D-377)
D.3.7 Normal accelerometer output derivatives.—
3(;;) = 2‘2‘3‘: (sinap Cp,, + cos ag CLP) (D-378)
‘95?“;) 25;“; 0 (sin ag Cp, + cosag Cr,) (D-379)
a%“:) = 2‘%‘3 ~—(sinag Cp, + cosao C1,) (D-380)
%“;—) = golm [sm a0 (SpVeCh + GSCp, ) + cos ao (SpVaCL + 45CLy) — aa.?] (D-381)
359‘2‘) - g—olr-r; {(jS[sin a0 (Cp, — CL) + cos a0 (Ci, + Cp)] - %} (D-382)
ag;') = g—()17—71— [th(sin ao Cp, + cosap CL,) — %Zﬂ?—] (D-383)"
%‘fﬁ“) =0 (D-384)
ag:,) =0 (D-385)
a((;;) =0 (D-386)
8;‘2‘) = ;0% [sin ao (%SVgCD gz + qSC’Dh> + cos ag (%SVO"’CL gz + qSC’Lh)] (D-387)
f?(a%n) ~ 0 (D-388)
f)gz;) =0 (D-389)
agzl) = 2;};ism(sin ap Cp, + cosag CL,) (D-390.
aglﬂn) = 212?:')% (sin o CDB + cos ag CLB) (D-391"
0((9(2?) = golm S (sin e Cp,, + cosap Oy, ) — %Zé_zT (D-392)
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D.3.8 Derivatives of x body axis accelerometer output not at the vehicle center

of gravity.—
B(;;i) = Q{ZZ(I: (= cosap Cp, +sinag CL,) + (‘Zoyz + Tozz) (D-393)
0(;;,1') - 2‘2?:"1(— cosap Cp, +sinag Cr, ) + g—o(poyz — 2q02;) (D-394)
0(;:,1') . ‘Z*Z;’m(_ cos a Cp, + sin ag Cr, ) + l(pozz ~ 2r0z.) (D-395)
%ﬁ = g—ol—n; [_s cos g (pVoCp + @Cp, ) + §'sin ao (pVoCL + GCL, ) + %):;T] (D-396)
% = -gol—m {qS[— cosap (Cp, — CL) +sinag (CL, + Cp)] + aXT} (D-397)
6“(;;;!.) = goim g5(—cosag Cp, +sinag CL,) + 8;?] (D-398)
8_%;’;) =0 (D-399)
0(;“;” =0 (D-400)
%Z) =0 (D-401)
%’—;ﬁ = g_olrﬁ [— cos ag ( SV3Cp gh + thC’D,,> + sin ag (%SVO?CL gh + qSCLh” (D-402)
% =0 (D-403)
%ﬂ =0 (D-404)
o= (D-405)
%;0 - ;—z (D-406)
'a%ﬂ - 'ﬁ' (D-407)
3(;’;"’) = mﬁgfm(— cos ag Cp, + sin ag CL,) (D-408)
0(;;,1') - 21;1;(1;72(— cos ap Cp, + sin ap CL;) (D-409)
3(;;11) = golm [ GS(— cos ag Cp,, + sinag C, a;g;r] (D-410)

D.3.9 Derivatives of y body axis accelerometer output not at vehicle center
of gravity.—



D.3.10 Derivatives of z body axis accelerometer output not at vehicle center

Oay:) @S¢, 1
50 = 2Vogom Ye + p (Pozy + rozy)
O(ay;) _ @Sb 1 3
= 2Vogomuy’ + gO(QOZy 2royy)
6(ay,,-) _ 1 ( _ _%)
—5-‘7— = go'—m SP%CY'l‘QSCYV + Y%
Oays) _ 1 (o QXI)
da ~ gom (qSCY°‘ + da
0(ay:) _ 1 (- @’2)
95~ gom \ It g
0Nay,)
a6 "
a(ay,i) _
26 =0
9(ay,i) _
5y =0
O(ay; 1 1 3 -
a(ay,i) _
oz 0
a(ayvi) —
dy 0
9(ay,i) - &
0p go
a(ayvi) —_
ag =0
9(ay,:) _ Ty
(97‘ go
day:) _ gSc
0a ~ 2Vogom Yo
Oas) _ _aSh_,
ap 2Vogom ~ 14
day 1 _ oY
(agz, ) _ g_m (qSC\Qi + ('9_6?)

(sinag Cp, + cos o C,) —

(sinap Cp, + cosap CL,) —

of gravity.—
0(a,,i) _ GSbh
dp  2Vogom
0(a.,;) gse
8¢ ~  2Vogom
0az:) GSb
ar  ~  2Vogom

(sinag Cp, + cosag CL,) +

1
g—O(QPOZZ - ToZy)

1
_(QQOZz - 7‘0?/2)
go

1
—(poz> + goyz)
go

(D-412)
(D-413)
(D-414)
(D-415)
(D-416)
(D-417)
(D-418)
(D-419)
(D-420)
(D-421)
(D-422)
(D-423)
(D-424)
(D-425)
(D-426)
(D-427)

(D-428)

(D-429)
(D-430)

(D-431)

73



4 -

D.3.11

d(a,;)

8(ai) _

ov

0(az;)

Oa

d(a,,;)
0(a,i)
d(az,)

0(a,,;)

9
0¢
06

99

0(a,,)

0(az,;)

0(a.,;)

Newi) _

Oh —gom
oz

Ay

O(az,,-) gi

315 90

a(az|1) xz

9q go

or

c’)(az,,-) gSé
2Vogom
gSh

0é

1 .
= —gom [QS(sm oo C'Dp + cos ag C'Lﬁ) —

dp

[sin ag (%SV&CD 3

(sinag Cp, + cos e CL,)

EY}

0(an,i) _

96; —  gom

2Vogom
(9((11,,') _ 1

(sin o CDﬁ + cos ag C’Lﬁ)

[qS (sinag Cp s, T cosap CL 5)—

]

0Zt

06;

_ 1 {qS[sin a0 (Cp, — CL) + cos ag (CL, + Cp)] -
gom

)

+ qSCDh) + cos ag ( SVO CL =—

1
= _g [S sin ag (pVoChp + gCp, )+ Scos ap (pVoCL, + qCL,) —
om

07
da

}

3p
dh

(9Z’r]
oV

vase)

Derivatives of normal accelerometer output not at vehicle center

of gravity.—
qSh

op  2Vogom

a(an,i) q—S

(sinag Cp, + cos ag CL,)

dg 2V

an;i) qu

B(an,,) 1

or
TV T gom

da gom

" 2Vogom

Oan,i 1
(a ) — [S sin ap (pVoCp + gCpy ) + S cos ag (pVoCL + qCL,) —

(sm ap Cp, + cos ap CL )+ '—(2!102z - T0Y)

(sin @ Cp, + cos e Cr,, ) — —(poxz + q09,)

{qS[sm o (Cp, — CL) + cos ag (CL,, + Cp)] -

1
+ g—(2pozz — To%;)

0Zt

do

}

BZT]
ov

(D-432)
(D-433)
(D-434)
(D-435)
(D-436)
(D-437)
(D-438)
(D-439)
(D-440)
(D-441)
(D-442)
(D-443)
(D-444)
(D-445)

(D-446)

(D-447)
(D-448)

(D-449)

. (D-450)

(D-451)



ani) _ 1 [ _ Bﬁ]
~5 = 7om [qS(sm ag Cp, + cosap CL,) o5
3(an,;) _
W =0
6(an,.;) _
26 "
3(an,,-) _
oy "
Aln,i) 1 % 1 d
0(;2,2) = _(_Jol_m [sin o (§SVOZCD a—Z + IISCD,,) + cos (§SV02CL B_Z + QSCL,,)]
a(an,i) _
dr 0
3(an,1-) _
oy 0
9(an,:) —_Y%
op o
9(ani) _ 2z
dq Yo
a(a,m-) _
o 0
a(an,i) chE

55 = Vogom (sin ay Cp, + cosap CL&)

0 n,t S5b .

(;B» ) — 21;Iogom(sm oo CDia + cos ag CL‘.;)
0an:) 1 [ ., . 8Zy
-_3—5,'— = go_m [qS(sm ap CDal- + cos ag CL6,.) - 35,

D.3.12 Load factor derivatives.—

d(n) _ _g5b

("
op 2Vogva"
o(n)  gSe¢
8q 2Vogva"
ow _ _gsb

or 2Vogm CL,

d(n 1 -

% = - (SpViCL+4SCLy)
@ = q—S‘CLa

da am

o(n) _ @S

98 = gmCLe

a(n) _

¢

d(n) _

25 ="

(D-452)
(D-453)
(D-454)
(D-455)
(D-456)
(D-457)
(D-458)
(D-459)
(D-460)
(D-461)
(D-462)
(D-463)

(D-464)

(D-465)
(D-466)
(D-467)
(D-468)
(D-469)
(D-470)
(D-471)

(D-472)
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oy 0
on) 1 (1, 5, 8p _ )
mé—h— = g—m- (ESVO CL 8_h + qSCL,,
o(n) _
B 0
d(n) _
Oy 0
d(n) gse
da 2Vogm La
a(n)  qS5b
88 2Vogm A
o(n) _ 45
P65~ gm ™
D.3.13 Speed of sound derivatives.—

9(a) _

op

d(a) _

0q 0

d(a) _

or 0

d(a) _

av =0

O(a)

Do

9a) _

88

Oa) _

a6 0

d(a) _

56 =

9(a)

9y~ °

d(a) 0.7p0 T

0h " poTo(1.4 po/poTy)!/2 Ok

9(a)

oz 0

9(a) _

dy

d(a)

56 = °

9(a)

—_— = 0

op

(D-473)
(D-474)
(D-475)
(D-476)
(D-477)
(D-478)

(D-479)

(D-480)
(D-481)
(D-482)
(D-483)
(D-484)
(D-485)
(D-486)
(D-487)
(D-488)
(D-489)
(D-490)
(D-491)
(D-492)

(D-493)



da) _
25 =

o(M)

D.3.14 Mach number derivatives.—

=0

Vo
o)

o(Re) _
ép
O(Re)
dq
O(Re)

or

|

0.7p0

poTo(1.4 po/poTo)t/?

D.3.15 Reynolds number derivatives.—

0

0

0

|

T
Oh

(D-494)

(D-495)
(D-496)
(D-497)
(D-498)
(D-499)
(D-500)
(D-501)
(D-502)
(D-503)
(D-504)
(D-505)
(D-506)
(D-507)
(D-508)

(D-509)

(D-510)
(D-511)

(D-512)
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D.3.16 Reynolds number per unit length derivatives.—

O(Re')
op
d(Re)
dq
O0(Re)
or
O0(Re)
ov
O(Re")
da
J(Re’)
op

O(Re) _

a¢
d(Re’)

0
d(Re")

I~
<

=R

It
=)

=0

(D-513)
(D-514)
(D-515)
(D-516)
(D-517)
(D-518)
(D-519)
(D-520)
(D-521)
(D-522)
(D-523)

(D-524)

(D-525)
(D-526)
(D-527)
(D-528)
(D-529)
(D-530)
(D-531)
(D-532)

(D-533)



O(Re') Vo 0p

oh u Oh
O(Re') 0
oz
Jd(Re') _
oy 0
O(Re')
9a
d(Re") _ o
s
O(Re’) -
a5, =0

D.3.17 Dynamic pressure derivatives.—

) _

pVo Op

(D-534)
(D-535)
(D-536)
(D-537)
(D-538)

(D-539)

(D-540)
(D-541)
(D-542)
(D-543)
(D-544)
(D-545)
(D-546)
(D-547)
(D-548)
(D-549)
(D-550)
(D-551)
(D-552)
(D-553)

(D-554)

79



D.3.18 Impact pressure derivatives.—

o) _

= — ¢
o) _

9(ge) _
da
9(gc)
op
o4o) _
0¢
9(gc)
o6
9(gc)
oy

80

—E-M(l 04 0.2M?2)25 (M < 1.0)
2.5
5.76 M2
24M 56M —08) y
2 5.76M2 \"°__ 9.916M
+3.0M 5 6M? - 0. 8) (5.6M? — 0.8)2} (M 21.0)
[(1.0+0.2042)5 — 1.0] G _ LM (1.0+ 0.2M2)25, 98 (11 < 1.0)
2 (_576M2 \*° )
l2M (5.6M2 - 0.8> - 10 _3%
PaVo 5.76M2 )25
a? [2 M (5 6M?2 —
2 _526M2 " 9216M ] 94
+3.0M (5.6M2 - 0.8) G.6M2— 082 oh (M 210)

(D-555)
(D-556)

(D-557)

(D-558)

(D-559)
(D-560)
(D-561)
(D-562)

(D-563)

(D-564)

(D-565)
(D-566)
(D-567)
(D-568)

(D-569)



D.3.19 Mach meter calibration ratio derivatives.—
9gc/pa) _
dp
a(‘Ic/pa) -0
dq
0(ge/pa)
or

3(4¢/pa)
ov

1 5.76 M2 )2'5
a [2‘4M (5.6M§ —038

2 1.5
+3.0M2 (5.651/}21‘_40.8) 2.216M (M > 1.0)

0
[ L4 pr(1.0 + 0.2M2)25 (M < 1.0)

(5.6M? — 0.8)2
9(gc/pa)
da
gc/pa) _

a8
0(gc/pa) -0
0¢
0(gc/pa)
a6
0(g:/ps)
oy

a(qc/pa) _E[ ( 5.76 M2 )2'5
oh 2 2 M \56az - 03

56M?%—0.8 5.6M?% —0.8)2] dh

a(QC/Pa) -0
Oz
9(gc/pa)
dy
a(qC/pa)
da

0(ge/pa) _
s 0

6(Qc/pa) =0
86;

-1 m (10 + 0.2M2)25 9 (M < 1.0)

1.5
+3.0M2( 5.76 M2 ) : 9.216 M 0 () >1.0)

(D-570)
(D-571)

(D-572)

(D-573)

(D-574)
(D-575)
(D-576)
(D-577)

(D-578)

(D-579)

(D-580)
(D-581)
(D-582)
(D-583)

(D-584)
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D.3.20 Total temperature derivatives.—

D.3.21

ATy _
Op
oTy)

2t

04TMV,

0
{1.0 +0.2M2 -
0

Il

Flightpath angle derivatives.—

a2

[ 0.7p
poTo(1.4po/ poTo)1/?

ho

() _
M=o
% =0
o _,

oV = (g -

)

iy
ah

(D-585)
(D-586)
(D-587)
(D-588)
(D-589)
(D-590)
(D-591)
(D-592)
(D-593)
(D-594)
(D-595)

(D-596)

(D-597)
(D-598)
(D-599)
(D-600)
(D-601)
(D-602)
(D-603)

(D-604)



o0 _,

o = (D-605)
‘—?% =0 (D-606)
% =0 (D-607)
%(-z—) =0 (D-608)
% =0 (D-609)
‘9_;,;/;_) -0 (D-610)
8{52) = &7 _1%)1 7 (D-611)
3;;) —0 (D-612)

D.3.22 Flightpath acceleration derivatives.—
i%f;i) —0 (D-613)
a(;‘;a) =0 (D-614)
8%‘;‘*) =0 (D-615)
6%’/&) =0 (D-616)
8((;‘;&) =0 (D-617)
0((;};3) =0 (D-618)
‘9(;1;) =0 (D-619)
8(;1;3) 0 (D-620)
a(afza) =0 (D-621)
6(;;:) =0 (D-622)
6(;;:) =0 (D-623)
a(;;;a) =0 (D-624)
8%“‘) = _(1] (D-625)
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9ipa) _ (D-626)

=0 (D-627)

— =0 (D-628)

D.3.23 Vertical acceleration derivatives.—
a(h gSb . .
0(17) - 2‘2g0m [sin Bp(— cos g Cp, +sinag CL,)
—singg cosbp Cy, + cos g cos by (sin ag Cp, + cos ag CL,)] (D-629)
ok 7S¢ . . . .
ég—ql) = 2‘37:77—1[3111 6o (— cos ag Cp, +sinag CL,) — sin ¢ cos b Cy,
+ cos ¢ cos fo (sin ap Cp, + cos ap Cr,)] (D-630)
ahy  gsh . .
o = Wogom [sin 6y (— cos ap Cp, + sin ag CL,) — sin ¢y cos 6y Cy,
+ cos ¢ cos g (sin ap Cp, + cos ag CL, )] (D-631)
a(h 1 (. _ . _ X
%/—) = go—m{ sin 6g [-—S cos ag (pVoCp + gCp,, ) + S sin ag (PVoCL + ¢CL, ) + —avT]
. _ oYt
— sin ¢pcosbp | SpVoCy + ¢S Cy, + 5‘7)
+ cos ¢g cos by [S’ sin o (pVoCp + ¢Cp,,)
0Z
+8 cosan (pVoCr + 7€) ~ S22} , (D-632)
a(h 1 [ _ o X
% = go_m{ sin g [—qS cosap (Cp, — CL) + 4§ sin ag (CLe + Cp) + BaT]
— sin ¢ cos §p (@SCYQ + %)
PR Z
+ cos ¢g cos b [qS sinag (Cp, — CL) + @S cosag (CL, + Cp) — aa—aT] } (D-633)
a(h 1 ) _ o oX . oY-
a—ﬂ)- = 5;7; [sm ) (—qS cos ag CDﬂ + ¢S sin ag C'L'3 + F;—) — sin ¢g cos 8, ((jSCyﬁ + a—;)
Z
+ cos ¢ cos by <q‘5’ sin ag C’D,3 + ¢S cos ag Cr, + %)] (D-634)
A(h
'—0%52 = =@y, COS ¢g cos Oy + az(? sin ¢g cos g (D-635)
——a(;z)—a cos 6y + in g si in 8
95 = %0 0 + @y, Sin g sin ¢ + a,, cos Pg sin fy (D-636)
a(h)
5 =0 (D-637)



%Z) = ;(;%{ sin 6g [— cos o (%SVO"’CD g—z + (j.S'CDh) + sin g <%SV020L g—z— + q'SC’Lh>]
— sin ¢ cos by (%SVOQCY g-’pl + qSCyh)
+ cos ¢g cos g [sin oo (%SVO"’CD g—z + QSCD,,)
+ cosag (%svgc,, g—’; + qscL,,)] } (D-638)
-i% =0 ‘ (D-639)
%) _ 0 (D-640)
aéz) = 2‘stm[sm 6o (— cos ag Cpy, + sin ag Cr ) — sin g cos 8p Cy,
+ cos ¢ cos G (sin o Cp, + cosag CL, )] (D-641)
0;;) — 2£§:m [sin o (— cos ap CD;‘; + sin ap CLﬁ) — sin ¢ cos CYB
+ cos ¢ cos 0 (sinap Cp,, + cosap Cr,)l (D-642)
%(5—,?- = g_olnz{ sin G [er(— cos ao Cp,, + sinao O, ) + %—)Z‘E] — sin ¢ cos By (‘fSCYo; + %%)
+ cos ¢g cos Gy [q‘S(sin ao Cp,, + cosap CL,,) — %—Z;—] } (D-643)
D.3.24 Specific energy derivatives.—
%f;}:) =0 (D-644)
a(;;s) =0 (D-645)
% =0 (D-646)
a((?f;) = % (D-647)
Bgis) =0 (D-648)
agf;) =0 (D-649)
3(012’;) =0 (D-650)
a(;;s) =0 | (D-651)
a(a%) =0 (D-652)
9 59%) —1 (D-653)
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D.3.25 Specific power derivatives.—

(D-654)
(D-655)
(D-656)
(D-657)

(D-658)

(D-659)
(D-660)
(D-661)
(D-662)
(D-663)
(D-664)
(D-665)
(D-666)
(D-667)
(D-668)
(D-669)
(D-670)
(D-671)
(D-672)
(D-673)

(D-674)



O0(Ps)
06;

D.3.26 Normal force derivatives.—

d(N) @Sh
-—5p— = Vo —(cos ap Cy, + sinap CD,,)
O(N) gSe
~a = Ve ~—(cosap CL, + sin ap Cp,)
d(N) g5b
5 = 2—(cos oo CL, + sin ag Cp, )
N
(gV) = S[cosag (pVoCL + ¢CLy ) + sin ao (pVoCp + 7Cp, )]
8((9];[) = ¢S(cosap CL, + sin ap Cp, — sin ap C, + cos ag Cp)
NN _ .
% = gS(cosag CL, + sinag Cp,)
oN) _
0 0
oN) _
06 0
o) _
oy
(V) 1 dp . 1 9
Zr =5 [cos oo (§VOZCL a3t QCL;.) + sin ap (5V02CD 32 + qCDn)]
oN) _
0z 0
oN) _
oy O
O(N gsc
((9&) = 2Vo(cosao CL4 +sinog Cpy)
N _
%TB—) = 250 (cos ag CL + sinag Cp. )
?—%)- = QS(COSOZO CL',', + sin oy CD,st-)

D.3.27 Axial force derivatives.—

(A gSh
_ép_) ng (=sinap C, + cosag Cp,)
(A gSe
..% gVo (—sinag CL, + cosap Cp,)
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5y A (=sinep CL, + cosag Cp,)
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(D-683)
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(D-690)
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9(4)

E 7l S[—sinag (pVoCL + GCL, ) + cosap (pVoCp + ¢Cb, )] (D-694)
____a(()A) = ¢5(-sinap CL, + cos ap Cp, — cosag Cp, — sin ap Cp) (D-695)
o

Qé—‘;—) = gS(—sinag CL, + cosap CDﬁ) (D-696)
9(4)

— = D-697
st =0 (D-697)

o4 _ _

S5 =0 (D-698)

d(A)

—_ = D-699
55 =0 (D-699)

(A ) 1 17} _ 1 dp

—7(9%2 =9 [— sin ap <§V02C'L 3_2 + qCLh) + cos ag (§V02CD o + qC’Dh>] (D-700)

%4) _ (D-701)
Oz

a4 _ o (D-702)
Ay

oa) _ ase, _

e = 2VO(—smozo CL, + cosag Cp,) (D-703)
9(A) _ g8b,

i m(— sin g C1,; + cos o Cp ) (D-704)
I(A .

(é_&-) = gS(—sinap CL,, + cos ag CD&) (D-705)

D.3.28 x body axis rate derivatives.—

%’;_) _0 (D-706)
%) —o (D-707)
% ~0 (D-708)
W) _ cos g cos (D-709)
) — Vosinapcos iy (D-710)
f”a(_;j = Vo cos apsin fio (D-711)
%%) ~0 (D-712)
3;:) —0 (D-713)
w) _ (D-714)
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(uw) _
B9h
a(u) _
oz

a(u) _
oy

o(w) _
e

0

0

0

0

o) _

o
6(u) _
06

D.3.29 y body axis rate derivatives.—

o(v) _
dp
o) _
0q

(v

0

) = ¢

or
9(v)

ov

d(v) _

(D-715)
(D-716)
(D-717)
(D-718)
(D-719)

(D-720)
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(D-723)
(D-724)
(D-725)
(D-726)
(D-727)
(D-728)
(D-729)
(D-730)
(D-731)
(D-732)
(D-733)
(D-734)

(D-735)

89



90

D.3.30 z body axis rate derivatives.—

%‘?:0

%’g_)zo

.

%l = sin ag cos fo
% = Vp cos ag cos fo
%g_) = —Vpsin aosin S
%‘;’_) =0

‘% =0

.aa(_:‘b’)=o

Q{g%) =0

Qg:_)=o

%‘?:0

.‘ig_‘;’)=0

ow) _ g

oB

D.3.31 x body axis acceleration derivatives.—

(1 gSb .

é(?—z) - —2(%/0"1 (—cosag Cp, + sinag CL,)

ag;t) — 2(%'/21; (= cos g CDq + sin g CLq) — Vo sin ap cos By

(4 7Sb . .

g‘:) = 2%/0m(— cosag Cp, + sinag Cr, ) + Vosin fo

o 1 ) ~ X
_5(%;—)- =~ {S[— cos ao (pVoCp + GCp,, ) + sinag (pVoCL + GCL, )] + aVT}

+7g sin By — qo sin ag cos By

(D-736)
(D-737)
(D-738)
(D-739)
(D-740)
(D-741)
(D-742)
(D-743)
(D-744)
(D-745)
(D-746)
(D-747)
(D-748)
(D-749)

(D-750)

(D-751)
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Y 0X
%Z—) = :1 [qS(— cos ag Cp, + sin ag CL, + sinag Cp + cosap CL) + 8aT
— qoVo cos ey €os fo (D-755)
P 1 X
0—;—;—)- [qS(— cos ag Cp, + sin ap Cr,) + ﬁT
+ roVp cos By + qoVo cos ag sin By (D-756)
a()
Sl A D-757
i =0 (0-757)
?-% = —gcosfp (D-758)
9(u)
=7 = D-759
o9 =0 ( )
(i S dp . 0
-:9(-%1 =~ [— cos ag < VZCp — 3 + qCD,,) + sin ag ( VOZCL ge + qC’Lh)] (D-760)
9(w)
s 761
5o =0 (D-761)
t?;u) -0 (D-762)
Yy
aa(z) = 2(%2 (— COS (g CDa + sin Qo CLQ) (D-763)
% = 2‘1}9 (—cos g CD + sin ag CL ) (D-764)
aa(:‘) — 1 gS(—cosag CD5 + sin oo C, )+ aaXT} (D-765)
D.3.32 y body axis acceleration derivatives.—
o(v)  qSb
9 = 2Vom ~——Cy, + Vo sin ag cos o (D-766)
a(v) _ gSc
9 FVom CYa (D-767)
()  qSb
5 = 2VomCY' — Vo cos ag cos Bg (D-768)
o(v oYt
% = [S(pVoCY +qCv, )+ FY% ] + po sin e €os By — 7g cos g €os fo (D-769)
6;2) = 1 (qSCya %}; ) + poVo cos ag cos By + roVo sin ag cos By (D-770)
(1 1
—(;—;2 = (qSCy‘,3 a5 ) — poVo sin ag sin By — 1o Vo cos ag sin G (D-771)
%—;—) = g cosfgcos do (D-772)
PYe
é—?— = —gsin fp sin ¢ (D-773)
9(v)
SE =0 (D-774)
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D.3.33

() _ 5 (1., Op )
Bh - m (§VO Cy g, T30V,
O

Bz =V

a(v) _

dy =0

as) _ gse

6 2VomC’Yé‘

o) _ 48b

08 2Vom Y

o) 1/ oY
—% = — (qSCn + 86;)

z body axis acceleration derivatives.—

op
()
dq
()
or
()
EY%

o(w)
da

o(w)
95
o(w)
06
o)
09
o)
oY

0

— = i [—sina()( VOCD
m
0

qSb .
= qu—E —sinag Cp, ~ cos g C1,,) — Vosin By
0
gsec , .
= 2V0m(_ sin ag Cp, — cos ag CL,) + Vo cos ag cos fy
gSb
= 2%/ (—sinao Cp, — cosap CL, )
om
1 07t
= ml —Ssinag (pVoCp + §Cp,, ) — S cos ag (pVoCL + §CL,, ) + — G
+ qo cos ap cos By — po sin By
17 0z
=~ g5(—=sinap Cp, — cos ap CL, — cos o Cp + sin ag CL)+ (?aT]
— goVosin ag cos B
17 . 8Zr )
= — gS(—sin ag C’Dﬁ — cos (g CLﬁ) + W] = qo Vo cos ag sin By ~ poV cos By

= —gcos fp sin ¢o

= —gsinf cos ¢g

89
oh

qC’Dh) — cos ag ( V2C'L gz + chLh)]

7S
= 2?/, fn(— sinag Cp,, — cosag CL, )
0
q5b .
= 2%/0m(_— sin ag CDb — cos ag CLb)

(D-775)
(D-776)
(D-777)
(D-778)
(D-779)

(D-780)

(D-781)
(D-782)

(D-783)

(D-784)

(D-785)
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o(u 1 ) 0z
(g;‘:) = — gS(—sinog Cp,, — cos ag CL,. ) + _8_6.,2 (D-795)

D.3.34 Angle-of-attack sensor output derivatives.—

d(a;) Yo
op W
9(a;) _ za
8q - Vo
0a;)
—or 0
d(as) _ goTa — PoYa
v - Vg
0(a;)
FE 1
Nai)

og =0
0(a;)

o6 =0
0(ay) _

56 =0
0a;)

oy 0
oay)

on =0
Nei)

8z 0
0(ay) _

oy 0
Ola;)
o6~ °
a(a:,-) ~0
0B
a(a,,-) _

55 =0

D.3.35 Angle-of-sideslip sensor output derivatives.—

0(Bi) _ 2
dp W
AB:)
“oq
9(Bi) _ =p
(97‘ N Vo
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9(Bi) _ _rozg — pozg (D-814)

v VZ
82%2‘) —0 (D-815)
a(Bs) _ ]

5 =L (D-816)
9(B;) _ .
¢ =0 (D-817)
9(Bs) _

—5(;—) =0 (D-818)
0(Bs) _ )

G =0 (D-819)
9(B,) _

5 =0 (D-820)
859/2{) _0 (D-821)
0B _ (D-822)

9y
9(Bs) _

e =0 (D-823)
9Bi) _ (D-824)

B
9(Bi) _

55 =0 (D-825)

D.3.36 Altimeter output derivatives.—

‘?(OL;) ~ 0 (D-826)
8(;;) _0 (D-827)
a(a';'i) =0 (D-828)
a((?/:}i) =0 (D-829)
a(af;") =0 (D-830)
a(a’;”) =0 (D-831)
?%f = —yp €S Pg cos By + z3, sin ¢y cos b (D-832)
%l = 4 cos o + yh sin o sin o + 24 cos do sin b (D-833)
ki) _ 4 (D-834)
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D.3.37

Altitude rate sensor output derivatives.—

oh) _

—_ = ¢(yh sin ¢ cos 6p + 2;, cos ¢ cos o) + 9(yh cos ¢g sin g — z;, sin ¢o sin o)

+ ¢(yj, cos ¢o sin o — 2}, sin o sin 6p)

= —é(zh sin 6y — y;, sin ¢ cos fy — 2;, cos Po cos o)

(D-835)
(D-836)
(D-837)
(D-838)
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(D-847)
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(D-854)

95



D.3.39 Stability axis roll rate derivatives.—

) _ e,
§?=o
) _ e,
) _,
9(ps)

Jda
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D.3.40 Stability axis pitch rate derivatives.—
0(%) _
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D.3.41

2 O
-0
8(;‘52)_0
o _
ap

Stability axis yaw rate derivatives.—
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v
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oy 0
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o) _ g | oy
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